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 1 
Introduction 
In recent years there has been considerable interest in spin-related phenomena in two-
dimensional (2D) systems which were explored in numerous works, both theoretical and ex-
perimental. This interest is solicited first of all by a possibility to develop a new kind of de-
vices manipulating electron and atom spins, i.e. spintronic devices. Controlling the electron 
spin states, in perspective, will allow creating ultra small logic elements and memory arrays 
with huge operating rate as well as with small energy consumption and large information ca-
pacity. During the last decade much attention has been devoted to the 2D heterostructures 
based on narrow gap semiconductors that are characterized by high electron mobility and 
large spin splitting in the energy spectrum in the absence of magnetic field. Such 
heterostructures are of particular interest for high speed transistors, short wavelength quantum 
cascade lasers, resonant tunneling diodes, detectors of far-infrared and terahertz ranges as 
well for the spintronic devices. To explain the wide range of spin-related phenomena that take 
place in 2D systems one needs to be conscious of band spectra of charge carriers, density of 
states at Fermi level as well as of the role of electron-electron interaction in these phenomena. 
All spin-related phenomena in semiconductor heterostructures with 2D electron gas 
can be conventionally divided into two broad classes. The first class, the “single electron” 
effects, is related to the spin-orbit interaction in the system. Most of the spin-related 
phenomena of this class results from the spin splitting in the electron energy spectrum in the 
absence of the magnetic field. This splitting in the energy spectrum in a quantum well (QW) 
nearby the conduction band edge (top of the valence band) in semiconductor heterostructures 
is either linear or proportional to the third power of the wavevector (depending to the partici-
pation of |S>- and |P>-states of the bulk materials in the lowest electric subband in the QW). 
Spin splitting of electron states in a QW in some cases manifest itself as beating of Shub-
nikov-de Haas (SdH) oscillations and as cyclotron resonance (CR) line splitting. Spin splitting 
may also results in peculiarities in Raman spectra. 
The second class of spin-related phenomena in semiconductor heterostructures is gen-
erated by many-body effects resulting from Coulomb interaction of charge carriers. Most of 
the experimental techniques to probe band structure of 2D systems are based on magneto-
transport and magnetooptical measurements, the Coulomb interaction effects are different in 
these two cases. In magnetooptics the resonant absorption of the electromagnetic wave by 2D 
electron gas results in the generation of quasielectron-quasihole pairs (quasielectrons over the 
Fermi level and quasiholes below the Fermi level); as a result the system transits from the 
ground to an excited state. Concerning the collective excitations in 2D electron gas there are 
two theorems (Kohn theorem and Larmor theorem) on the two-particle interaction influence 
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on the resonant absorption energy in the long wavelength limit. According to Kohn theorem 
[1] electron-electron interaction does not affect the CR frequency in 2D system with full 
translation symmetry. In accordance with Larmor theorem in rotationally invariant spin space, 
in 2D system the electron-electron interaction does not affect the energy absorption in the spin 
resonance in the long wavelength limit. Note that in narrow gap QW heterostructures and in 
other systems with strong nonparabolicity in electric subbands where the effects of spin-orbit 
coupling are significant both theorems are violated [2-7]. 
In magnetotransport experiments the measured quantity is the static conductivity that 
is determined by the ground state of 2D electron gas, i.e. by quasiparticle spectrum in the 
magnetic field renormalized by Coulomb interaction. Magnetotransport study in 2D electron 
gas allows one to extract the value of the spin splitting at the Fermi level in quasiparticle 
spectrum. For example, analysis of Zeeman splitting of SdH oscillations allows determining 
the quasiparticle g-factor values that can differ significantly from both the free electron g-
factor and that of electrons in bulk material. This enhancement, observed experimentally, of 
the “magnetotransport” g-factor as compared with the values obtained from magnetooptical 
studies (electron spin resonance) is related to the exchange interaction [8]. Ando and Uemura 
were the first to suggest that the g-factor should be an oscillating function of the Landau lev-
els filling factor [9]. 
In most of narrow gap QW heterostructures where large values of quasiparticle g-
factor have been observed [10-17] the electric subbands are characterized by a pronounced 
nonparabolicity. That is why in order to quantitatively describe the effects of electron-electron 
interaction on the quasiparticle spectrum in QW one has to take into account energy-
momentum features of the electric subbands. Typical representatives of 2D systems based on 
narrow gap semiconductors are InAs/AlSb QW heterostructures. InAs/AlSb heterostructures 
are characterized by small values of electron effective mass in InAs QW [18-21], large values 
of effective g-factor [14, 16] and high electron mobility up to 3⋅104 cm2/V⋅s at T = 300 K and 
9⋅105 cm2/V⋅s at T = 4.2 K [22, 23]. In these heterostructures the QW in the conduction band 
is very deep (more than 2 eV for -valley electrons). It is well known that even in nominally 
undoped InAs/AlSb heterostructures there is a 2D electron gas, the electron concentration be-
ing about 1012 cm-2 [22-25]. As electron “suppliers” to InAs QW deep donors associated with 
defects in AlSb as well as surface donors in GaSb cap layer (grown over AlSb barrier layer to 
prevent from its oxidation at air [22-26]) have been considered [23-25]. The “built-in” electric 
field generated by spatially separated 2D electrons gas and the donors in GaSb cap layer and 
in the AlSb barriers distorts the QW profile that in turn, due to the spin-orbit interaction, leads 
to the splitting of the energy spectrum of the 2D electron gas in AlSb/InAs/AlSb QW even in 
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the absence of the magnetic field [27]. In InAs/AlSb heterostructures the effects related with 
spin splitting of the electron energy spectrum have been observed experimentally [28, 33]. 
A remarkable peculiarity of InAs/AlSb heterostructures is the bipolar persistent photo-
conductivity (PPC) observed at low temperatures [29-32]. Under illumination of the het-
erostructures by infrared (IR) radiation positive PPC takes place while under the action of 
visible light negative PPC is observed. Using PPC effect it is possible to reversibly change the 
2D electron concentration in AlSb/InAs/AlSb QW by several times, that in turn leads to a 
change of the built-in electric field and the spin subbands population. The latter allows not 
only tuning the effects of spin-orbit coupling but also controlling the effects of collective elec-
tron interaction, in particular, the exchange enhancement of the g-factor [16, 34] thus opening 
new possibilities for spin engineering. 
The thesis consists of the Introduction, five chapters and Conclusions that are organ-
ized as follows. In the Introduction we formulate the main aims and show the scientific nov-
elty of the research. Chapter 1 provides a literature review of the studies on the persistent 
photoconductivity and various spin-dependent phenomena in heterostructures with 2D elec-
tron gas. In the first section we survey publications on the effect of spin-orbit interaction on 
the splitting of 2D electron energy-momentum law in zero magnetic field and discuss the pa-
pers devoting to the investigation of beatings of Shubnikov-de Haas oscillations in InAs/AlSb 
QW heterostructures. The second section provides a review of persistent photoconductivity 
investigations in InAs/AlSb QW heterostructures with GaSb cap layer. The third section is 
devoted to the exchange enhancement of g-factor in 2D electron gas and provides a review of 
magnetotransport studies of quasiparticle g-factor in AlSb/InAs/AlSb QW. In the fourth sec-
tion various collective excitations in the quantum Hall effect regime are considered. We also 
perform a review of theoretical studies of the effects of electron-electron interaction on spin 
and cyclotron resonances in heterostructures with 2D electron gas (a violation of Kohn and 
Larmor theorems). 
Chapter 2 is devoted to the study of Rashba spin splitting and asymmetry of the 
“built-in” electric field in InAs/AlSb QW heterostructures in zero magnetic field. In the first 
section we consider the self-consistent Hartree approximation used for energy spectrum calcu-
lating in narrow-gap heterostructures. The second section provides the results of persistent 
photoconductivity study in InAs/AlSb double QW heterostructures. Pronounced asymmetry 
of the “built-in” electric field in the InAs/AlSb heterostructures in the case of positive PPC is 
demonstrated. The third section of the chapter presents the calculations of 2D electron energy 
spectrum and the Rashba splitting constant in AlSb/InAs/AlSb QWs in the presence of 
asymmetric “built-in” electric field. Experimental value of the Rashba splitting constant, ob-
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tained from Fourier analysis of Shubnikov-de Haas oscillations at 0.2 K in InAs/AlSb QW 
heterostructures, is compared with theoretical calculations. 
Chapter 3 is devoted to the study of exchange interaction effects in magnetotransport 
experiments in InAs/AlSb QW heterostructures. In the first section we consider the Hartree-
Fock approximation taking into account the screening effect in 2D electron gas in 
AlSb/InAs/AlSb QW. The second section presents the studies of the exchange interaction ef-
fect on the density of states at the Fermi level and the energy spectrum of quasiparticles de-
pending on the Landau levels width in InAs/AlSb QW heterostructures. The third section pro-
vides the calculations of exchange enhancement of quasiparticle g-factor in AlSb/InAs/AlSb 
QW. The calculation results are compared with experimental g-factor values obtained from 
various magnetotransport experiments in InAs/AlSb heterostructures. 
Chapter 4 provides the results of a theoretical study of the effects of Rashba spin 
splitting and exchange interaction on spin resonance in InAs/AlSb heterostructures with 2D 
electron gas. In the first section we obtain an effective Schrödinger equation for magnetic ex-
citon in narrow-gap heterostructures with 2D electron gas. The second section presents the 
calculations of the spin exciton energy in the short- and long-wavelength limit in 
AlSb/InAs/AlSb QWs. We demonstrate Larmor theorem violation in InAs/AlSb heterostruc-
tures with symmetric and asymmetric “built-in” electric field. The third section presents the 
calculations of “magnetooptical” g-factor measured in electron spin resonance for different 
values of the Landau levels width and 2D electron concentration in InAs/AlSb QW het-
erostructures. 
Chapter 5 is devoted to the cyclotron resonance study in InAs/AlSb QW heterostruc-
tures. The first and second sections of the chapter provide the experimental and theoretical 
results of studies of cyclotron transitions in InAs/AlSb heterostructures with single and two 
occupied electric subbands. Experimental values of the CR transition energies are compared 
with theoretical calculations within the Hartree approximation. The third section is devoted to 
theoretical investigations of the influence of electron-electron interaction on CR energies in 
InAs/AlSb QW heterostructures. It is shown that taking into account the Coulomb interaction 
in 2D electron gas leads to Kohn theorem violation in AlSb/InAs/AlSb QWs. 
The main results obtained in the thesis are summarized in the Conclusions. 
 
The thesis is aiming at: 
1) Investigation of the persistent photoconductivity and the asymmetry of “built-in” elec-
tric field in InAs/AlSb double QW heterostructures. 
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2) Study of the “built-in” electric field and electron-electron interaction effects on elec-
tron energy-momentum law and spin splitting in electric subbands in AlSb/InAs/AlSb 
single quantum well in the absence of magnetic field. 
3) Exploring the quasiparticle energy spectrum and the density-of-states at Fermi level in 
InAs/AlSb heterostructures. Calculation of quasiparticle g-factor at various 2D elec-
tron concentration, magnetic field and Landau level width values. 
4) Investigation of the electron-electron interaction effect on the spin exciton energy 
(violation of Larmor theorem) in InAs/AlSb heterostructures in the long-wavelength 
limit. Calculations of “magnetooptical” g-factor of 2D electrons for various magnetic 
field and Landau level width values. 
5) Cyclotron resonance study in InAs/AlSb QW heterostructures with single and two oc-
cupied electric subbands. Revealing the effects of electron-electron interaction in cy-
clotron resonance spectra. 
 
The scientific novelty of the results obtained: 
1) Strong asymmetry of InAs/AlSb heterostructures due to the “built-in” electric field 
was demonstrated directly. The self-consisted calculations of the energy profile of the 
double QW performed allowed one to determine the ionized donor concentrations 
from both sides of QWs and to specify the earlier proposed mechanism of the bipolar 
persistent photoconductivity in these heterostructures.  
2) 2D electron energy spectra in InAs/AlSb heterostructures with asymmetric QW profile 
were calculated both in Hartree and Hartree-Fock approximations. The exchange in-
teraction was shown to decrease the electric energy in subbands and, at the same time, 
to increase the electric subband separation as well as the spin splitting in the spectrum. 
The nonlinear dependence of the Rashba splitting constant at the Fermi wave vector 
on 2D electron concentration was demonstrated. 
3) In the thesis the calculations of the exchange enhancement of the quasiparticle g-factor 
at zero temperature in InAs/AlSb QW heterostructures with single occupied electric 
subband have been performed. It has been demonstrated that the exchange g-factor 
enhancement not only exhibits maxima at odd values of Landau level filling factors 
but, due to the conduction band nonparabolicity, persists at even filling factor values 
as well. The magnitude of the exchange enhancement, the amplitude and shape of the 
g-factor oscillations are determined by both the screened electron-electron interaction 
and the Landau level width governed by the random potential of charge impurities. 
 6 
4) Theoretical study of the electron-electron interaction effect on quasiparticle energy 
spectrum in InAs/AlSb QW heterostructures versus Landau level width has been per-
formed. It has been shown that taking into account the exchange interaction results in 
the distortion of monotonic dependence of Landau level energy on the magnetic field 
as well as in the peak features appearance in quasiparticle spectrum at integer values 
of Landau level filling factors associated with a screening effect in 2D electron gas. It 
has been demonstrated that the exchange interaction in the case of the overlapping of 
spin-split Landau levels leads to the density-of-states splitting into two peaks 
corresponding to the different levels contribution and renormalizes the filling factors 
of the Landau levels at the Fermi energy. It has been shown that the magnetic field, in 
which the maximum value of the quasiparticle g-factor is achieved, depends on the 
Landau levels overlapping and corresponds to the odd filling factors only in the 
absence or in the case of small density-of-states overlapping at spin-split Landau 
levels. 
5) It has been demonstrated that nonparabolicity of the energy-momentum law in 
InAs/AlSb QW heterostructures leads to Larmor theorem violation. The exchange in-
teraction effect on the spin exciton energy in the long-wavelength limit has been dem-
onstrated. The calculation results have shown that the “magnetooptic” g-factor value 
in InAs/AlSb heterostructures, measured by electron spin resonance technique, oscil-
lates with the magnetic field and coincides with the quasiparticle g-factor at even Lan-
dau level filling factors. Both the amplitude and the form of “magnetooptical” g-factor 
oscillations are controlled by screened electron-electron interaction and the Landau 
level overlapping. 
6) An “enhanced” splitting of the cyclotron resonance line in InAs/AlSb heterostructures 
with 2D electron gas has been discovered that results from the hybridization of cyclo-
tron transitions in nonparabolic electric subband due to electron-electron interaction 
(violation of Kohn theorem). In the samples with higher mobility an increase of the 
“enhanced” splitting with the magnetic field has been observed. At the filling factors 
 < 1 in static and pulsed magnetic fields an increase of cyclotron resonance transition 
energy at the decrease of 2D electron concentration, the shift exceeding that owing to 
the Landau level broadening, has been discovered. 
 
Scientific and applied significance of the thesis: 
The scientific significance of the results, obtained in the thesis, consists in the discov-
ering and prediction of new physical effects. The asymmetry of the built-in electric field in 
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InAs/AlSb QW heterostructures was probed both experimentally and theoretically and its ef-
fect on the electron energy spectrum splitting in electric subbands was demonstrated. The 
theoretical investigation into electron-electron interaction effect on quasiparticle Landau lev-
els and density-of-states at the Fermi level was undertaken for the first time. Theory of the 
exchange enhancement of the g-factor at zero temperature in narrow gap semiconductor het-
erostructures with single occupied electric subband was developed in the work. Calculation 
results on the “magnetooptical” g-factor, measured in electron spin resonance experiments, in 
InAs/AlSb heterostructures are the first demonstration of Larmor theorem violation in narrow 
gap QW heterostructures. Cyclotron resonance study in the samples with high mobility 2D 
electron gas in quantizing magnetic fields provides evidences of Kohn theorem violation in 
InAs/AlSb heterostructures. A principle possibility to control by optical means the “built-in” 
electric field and, correspondingly, the spin splitting in the energy spectrum in the absence of 
the magnetic field was demonstrated. 
The results obtained in the dissertation work can be utilized at the designing new elec-
tronic and optoelectronic units as well the spintronic devices based on InAs/AlSb heterostruc-
tures. 
 
Author’s contribution to the results obtained: 
All theoretical studies and calculations in the Thesis have been performed by the au-
thor without any assistance. The author has also carried out the magnetotransport experiments 
at T = 200 mK in Toulouse (Section 2.3) and has taken part in experimental studies on cyclo-
tron resonance in weak magnetic fields in Nizhny Novgorod (Section 5.1). Others experi-
ments on persistent photoconductivity (Section 2.2) and cyclotron resonance (Section 5.1 and 
5.2) in quantizing magnetic fields have been performed by the collaborators presented on 
p. 176. 
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Chapter 1. Spin-related phenomena in two-dimensional electron 
gas (literature review). 
1.1. Spin splittings in two-dimensional electron gas. 
Most “single-electron” spin-related phenomena in 2D semiconductor systems result 
from the spin splitting of the energy spectrum of charge carriers in the absence of magnetic 
field. In semiconductor quantum well (QW) heterostructures this splitting of electronic states 
near conduction band edge in 2D semiconductor structures is a linear function of the 
quasimomentum .The exceptions are the QWs with InAs/GaSb heterointerfaces and quantum 
wells based on HgTe, in which the contribution of |P>-states of bulk materials in the 
formation of the lower electric subband can greatly exceed the contribution of |S>- states that 
leads to the formation of the “hole-kind” subband. 
Two carrier spin states with the same wavevector k in the plane of structure will have 
different energy in zero magnetic field if the system lacks inversion center. There are two well 
known reasons for the lack of the spatial inversion center in 2D systems. The first one is the 
lack of inversion symmetry in bulk materials which a heterostructure is grown from. This 
bulk inversion asymmetry (BIA) takes place in A3B5 and A2B6 semiconductor compounds as 
well as in tellurium, however it is absent at the diamond-like semiconductors (Si and Ge). 
Two-dimensional systems, grown from materials with BIA, also do not have the inversion 
center and, consequently, there is no spin degeneracy in the energy spectrum of charge carri-
ers. 
The second reason of the lack of spatial inversion center in heterostructures is the 
structure inversion asymmetry (SIA). It means there is a macroscopic asymmetry in 2D sys-
tem: directions along and against the growth axis are not equivalent. For example, the quan-
tum well (QW) is sandwiched between the lower and the top barriers grown from different 
materials, or there is an electric field, oriented across the plane of heterostructure, or the sys-
tem is asymmetrically doped. SIA can take place in heterostructures, grown from any semi-
conductor materials. 
Effective Hamiltonian for electrons near conduction band edge in heterostructures 
without a spatial inversion center is as follows: 
( ) ( ) ( )kHzUzTH SO ˆˆˆ ++= ,     (1.1) 
where ( )zTˆ  is the kinetic energy operator (quadratic form in k), depending on the coordinate 
along the growth axis z, ( )zU  is the potential of heterointerfaces, and ( )kH SO ˆ  is the spin-orbit 
interaction operator, which depends on the spin and momentum parameters. In accordance 
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with the system invariance with respect to time reversal, ( )kH SO ˆ  should contain only odd 
terms in k, that leads to the form ( ) mlSO kkH σˆˆ ∝ , mjil kkkσˆ  etc., where lσˆ  are the Pauli 
matrices (l = x, y, z). 
In contrast to the A3B5, A2B6 bulk semiconductors, where there are no terms of mlkσˆ -
type in Hamiltonian, SOHˆ  is linear in k in two-dimensional electron systems: 
( ) ml
ml
lmSO kkH σβ ˆˆ
,
=

.    (1.2) 
Here βˆ  is pseudotensor of second rank. The media which have nonzero components of such 
pseudotensor are called gyrotropic. In the absence of magnetic field in such media there is a 
spin splitting of the energy-momentum law, linear versus the quasimomentum: 
( )
=
+=∆
zyxl
klyklxspin k
,,
2
sincos2 ϕβϕβ .   (1.3) 
Here kϕ  is the angle between k and the x axis. The systems, where only SIA is present, have 
a C∞v symmetry. It means that the pseudotensor βˆ  has only one linear-independent 
component: 
αββ ≡−= yxxy ; 0=iiβ     (1.4) 
Therefore, the Hamiltonian of the spin-orbit interaction, induced by SIA, has the following 
form: 
( ) ( ) ( )zxyyxSIA kkkkH  ×=−= σασσα ˆˆˆˆ .   (1.5) 
This form of the Hamiltonian was first proposed by Rashba [35] for bulk semiconductors with 
wurtzite structure having a screw axis (z direction). Later, in [36-39], it was noted that SIA in 
2D systems leads to the spin-orbit interaction of the same form. 
BIA reflects the lack of inversion center in the crystal structure of bulk 
semiconductors from which two-dimensional system is grown. Therefore, the Hamiltonians of 
the spin-orbit interaction, induced by BIA, differ for the QWs grown along different 
crystallographic directions. 
To obtain the BIA terms, we note that in the 35 bulk semiconductors possessing the 
d symmetry, the operator of the spin-orbit interaction has the form: 
( ) ( ) ( ) ( )[ ]222222 ˆˆˆˆ yxzzxzyyzyxxSO KKKKKKKKKKH −+−+−= σσσγ .  (1.6) 
Here K = (k,kz) is the 3D electron quasimomentum vector, γ  is a constant, and  || [100], 
 || [010], z || [001] are the cubic axis of the crystal. Such Hamiltonian was first obtained by 
Dresselhaus in [40]. 
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In two-dimensional systems due to the size quantization the component of 
quasimomentum along the growth axis is replaced by the operator. For example, for quantum 
wells grown along the cubic axis z || [001] 
z
ik z −=ˆ . Since the spin-orbit interaction is 
usually weak, one can obtain the Hamiltonian for 2D electron averaging expression (1.6) over 
the adiabatic rapid motion along the growth axis. Carrying out this averaging and taking into 
account that 
0ˆ =zk , 0ˆ
2 ≠zk , 
where the brackets mean the quantum-mechanical averaging over the structure part of the 
electron wavefunction, depends on z, one can arrive to the 2D form of the Dresselhaus term: 
( ) ( )yyxxBIA kkkH σσβ ˆˆˆ −=      (1.7) 
Here β is a single linear-independent component of pseudotensor βˆ  in 2D systems with BIA, 
which have the symmetry of D2d: 
βββ ≡−= yyxx ; ijij δβ ~ .    (1.8) 
Within the adiabatic approach mentioned above the expression for β is as follows: 
2ˆ
zkγβ −= .      (1.9) 
The Hamiltonian in the form of (1.7) and expression (1.9) were first obtained by D’yakonov 
and V. Yu. Kachorovskii in [41]. 
If the quantum well growth direction is not along the cubic axis, the operator of the 
spin-orbit interaction will have another form. For example, in symmetric (113) 
heterostructures, there is only one (1-10) reflecting plane. The point symmetry group of such 
systems is Cs and spin-orbit interaction takes the following form: 
( ) xzBIA kkH σβ ˆˆ = ,     (1.10) 
where z || [113], x || [1-10] and 2ˆ5.0 zkγβ −= . Note that the part of spin orbit interaction, 
induced by BIA, in the asymmetric (110) quantum wells takes the same form (1.10) if the z 
axis is oriented along the growth direction [110]. If the QW is asymmetric then 
SIABIASO HHH ˆˆˆ += , where the second term has the same form in all cases. In (001) quantum 
wells 
( ) ( ) ( ) yyxxxySO kkkkkH σβασβα ˆˆˆ +−+= .   (1.11) 
In the simultaneous presence of the two asymmetry types (BIA and SIA) the structure has the 
point group C2v. Therefore, we also present the Hamiltonian in the main axes of the C2v group: 
( ) ( ) ( ) xyyxSO kkkH ′′′ −−+= σβασβα ˆˆˆ ' ,   (1.12) 
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where x' || [1-10] and y' ||[110]. It is convenient and methodologically helpful for many 
problems to represent the spin-orbit Hamiltonian in the following form: 
( ) ( )kkH SO  Ω⋅= σˆˆ ,     (1.13) 
where the vector of ( )


 kk ⋅=Ω βˆ  with components 

mlm
l
k⋅
=Ω β  is introduced. The Hamilto-
nian (1.13) has the Zeeman form and ( )kΩ  denotes the frequency of spin precession in 
effective magnetic field acting on the spin of electrons with quasimomentum k. The spin split-
ting (1.3) is expressed via ( )kΩ  as 
( )kkspin Ω=∆ 2 .     (1.14) 
Precession of electron spins with frequency Ω

 is caused by the absence of spatial inversion 
center in the system. The orientation of Ω

 at given quasimomentum k depends on the reason 
of the lack of spatial inversion center in the systems. If SIA dominates, the spin-orbit 
interaction will be described by the Rashba Hamiltonian (1.5) and the corresponding 
frequency precession has the form: 
( )xyR kk −=Ω ,

 α
.     (1.15) 
If (001) QW heterostructure is symmetric then BIA will dominate and as follows from the 2D 
form of the Dresselhaus term (1.7), 
( )yxD kk −=Ω ,

 β
.     (1.16) 
In axes ' || [1-10], ' || [110] precession frequencies are as follows: 
( )
''
, xyR kk −=Ω

 α
; ( )
''
, xyD kk

 β
=Ω .   (1.17) 
Figure 1.1 illustrates the distribution of effective magnetic fields in the k-space. As it clear to 
see the directions of RΩ

 and DΩ

 are different at different quasimomentum orientations but 
their absolute values have isotropic distributions in k-space. As a result the spin-splittings, 
induced by SIA and BIA, have the forms: 
kSIA α2=∆ ; kBIA β2=∆ .    (1.18) 
However, if both asymmetry types are presented in the structure (α·β  0) then 
BIASIAspin ∆+∆≠∆ . Fig. 1.1 demonstrates that for the [110] direction the precession 
frequencies are codirectional and for k || [1-10] the frequencies are contradirectional. Since 
the spin splitting is determined by the vector sum RΩ

 and DΩ

, for some directions it is less 
than BIASIA ∆+∆  and for some k orientations spin∆  exceeds the sum SIA∆  and BIA∆ . The 
“interference” of RΩ

 and DΩ

 leads to spin splitting anisotropy in k-space [42]: 
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kspin k ϕαββα 2sin22 22 ++=∆ .    (1.19) 
The angular dependence of ( )kΩ  at non-zero  and  is presented in figure 1.2. The 
interference of SIA and BIA is especially pronounced at equal values of  and . In this case, 
as it is seen from (1.12), the Hamiltonian of the spin-orbit interaction has the form: 
( )
'
ˆ2ˆ yxSO kkH ′= σα

.     (1.20) 
The spin precession frequency Ω

 is oriented parallel to the ' axis for the electrons with any 
quasimomentum directions: 
( )
''
2
yx kk

 α
=Ω , ( ) 0
'
=Ω ky

.   (1.21) 
The angular distribution of ( )kΩ  in this “degenerate” case is presented in Fig. 1.2. 
 
 
 
 
Fig. 1.1 The angular distribution of ( )kR Ω  (left panel) and ( )kD Ω  (right panel) in the 
k-space. The constants  and  are assumed to be positive. 
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In addition to SIA and BIA, there is another reason for the lack of spatial inversion 
center that lifts the spin degeneracy in 2D semiconductor systems. It is the interface inversion 
asymmetry (Interface Inversion Asymmetry, IIA), associated with the anisotropy of chemical 
bonds at the QW interfaces. The lack of inversion center induced by IIA is associated with 
low symmetry (C2v) of single interface. IIA contributes to an additional term, linear in k, to 
the spin splitting of energy spectrum. In (001) quantum wells it has the same form as BIAHˆ  
[43]: 
( ) ( )yyxxIIAIIA kkkH σσβ ˆˆˆ −=     (1.22) 
The constant IIA is determined by the probability to find out an electron close to the 
interface, so IIA-splitting plays significant role in narrow quantum wells. As it is shown in 
[44], IIA can be compared with 2ˆzkγ  value in some heterostructures.  
Thermodynamic and kinetic coefficients such as heat capacity, magnetic susceptibility 
(de Haas-van Alphen effect), longitudinal conductivity (Shubnikov-de Haas effect), etc. oscil-
late in systems with 2D degenerate electron gas at low temperatures. As it is known, the 
period of these oscillations is related to the radius of the Fermi circle. Such behavior of these 
coefficients is due to the appearance of the Landau levels which successively intersect the 
Fermi level as the magnetic field increases. 
 
 
Fig. 1.2. The angular distribution of ( )kΩ  in the k-space at different values of ratio  to : 
 =  > 0 (left panel) and /=4 (right panel). 
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Quantum phenomena are highly sensitive to the fine structure of the carrier energy 
spectrum, so that even a small spin splitting may qualitatively modify the oscillation pattern. 
In 2D electron gas with spin splitting in the energy spectrum, where two Fermi circles are 
filled, the oscillations can be observed with two close periods. The addition of such 
oscillations results in the appearance of modulated oscillations (beatings) whose period as 
well as zeros of the amplitude depends on the BIA and SIA contribution to the spin splitting 
in energy spectrum. As it is demonstrated in [45] the different intensity of BIA and SIA 
contributions leads to the beatings of the Shubnikov-de Haas (SdH) oscillations. However, if 
the intensities of both contributions are equal, the oscillations occur only at a single frequency 
and the beatings disappear (Fig. 1.3), although the Hamiltonian contains terms linear in k. 
Typically, in semiconductor quantum wells the SIA contribution to the spin-spin splitting 
exceeds the BIA contribution by several times [28], so that the latter is often neglected. From 
the Fourier analysis of beatings of SdH oscillations the Fermi vectors in each of the spin 
subband and, hence, the Rashba spin splitting constant  can be determined. 
 
 
Fig. 1.3. Magnetic-field dependence of the resistivity xx in the regime of 
Shubnikov–de Haas oscillations in the presence of (a) only one type of linear 
terms, EF	/
 = 50 and kF/
 = 3, and (b) both contributions with equal intensi-
ties, EF	/
 = 50. Here EF is the Fermi energy,  is the cyclotron frequency, 
	 is a momentum relaxation time [45]. 
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The beatings of SdH oscillations in weak magnetic fields in InAs/AlSb QW 
heterostructures were observed in several papers [46-48]. In [46] the magnetotransport in 
AlSb/InAs/AlSb with 12.5 nm wide QW, sandwiched between Al0.80Ga0.20Sb layer on the left 
and AlSb barriers on right side, was studied. From Fourier analysis of SdH oscillations in 
magnetic fields less than 2 T (Fig. 1.4) two electron concentrations in different spin subbands, 
split due to “built-in” electric field of donors and 2D electrons, were determined. The value of 
Rashba spin splitting constant, determined by comparing the measurement results and 
simulation of SdH oscillations, was equal to 7.82·10-9 eV cm. Theoretical value, obtained 
from the self-consistent solution of Poisson and Schrödinger equations, was 5.37·10-9 eV cm. 
Note that the depth of AlSb/InAs/AlSb QW mistakenly assumed to be 1.3 eV, while for the 
electrons at Γ-valley of conduction band quantum well depth is more than 2 eV. 
 
 
Fig. 1.4. (a) Shubnikov-de Haas oscillations in AlSb/InAs/AlSb QW in weak magnetic 
fields at 1.8 K [46]. Black, red and blue curves correspond to the experimental results 
and simulation with and without Rashba spin splitting. The arrow indicates the node 
position of the beatings. (b) The results of Fourier analysis of SdH oscillations in the 
range of 0.15 - 4.0 T-1. 
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In paper [47] to enhance the structure asymmetry instead of AlSb barrier close to the 
surface the AlGaSb barrier was used (Fig. 1.5). The values of Rashba splitting constant, 
determined from the comparison with simulations of SdH oscillations, were found to be 
2.8·10-8 eV·cm and 1.1·10-8 eV·cm for the samples A and B with the 2D electron 
concentration of 8.4·1012 cm-2 and 9.0·1012 cm-2 respectively. The reasons for such strong 
differences in the values of the spin splitting in nominally identical samples A and B in [47] 
remained unclear. 
In paper [48], in a 15 nm wide AlSb/InAs/AlSb QWs with a single occupied electric 
subband at temperature T = 1.3 K beatings of SdH oscillations were observed. The 2D 
electron concentration in the QW was changed by varying the voltage at the gate. As deter-
mined from the difference between the electron concentrations in two spin subbands at zero 
gate voltage (ns = 1.2×1012 cm-2), the spin splitting at the Fermi wave vector (kF) was 
3.2 meV (the samples A and B) that corresponded to the Rashba spin splitting constant 
5.83×10-9 eV.cm. The Rashba spin splitting constant , determined for the samples A and B at 
different gate voltages, was found to be practically independent on 2D electron concentration. 
For another sample C with lesser value of 2D electron concentration, studied in [48], the au-
thors report the splitting (kF) one-half than for above-mentioned samples A and B. 
 
 
Fig. 1.5. (a) Scheme of band diagram of AlGaSb/InAs/AlSb QWs (samples A and B) 
[47]. (b) Shubnikov-de Haas oscillations in weak magnetic fields at 2 K. Upper and 
lower curves correspond to the experimental results and simulation taking into account 
the Rashba spin splitting. 
 18 
 
 
In the papers [46-48], where the beating of Shubnikov-de Haas oscillations, related to 
the spin splitting in energy spectrum, were observed the nonparabolicity of electric subbands 
in InAs QW was completely ignored in the determination of Rashba splitting constant . Note 
that value of the spin-orbit splitting in 2D electron spectrum is determined not only by the 
“built-in” electric field and structure parameters but also by boundary conditions for the 
envelope wave functions. The self-consistent calculations of the spin splitting in InAs/AlSb 
QW heterostructures at zero magnetic field taking into account effects of nonparabolicity and 
deformation caused by lattice mismatch in InAs and AlSb at different 2D electron 
concentration values (see Chapter 2), have not been presented in literature till now. 
In Chapter 2 of the thesis results of theoretical and experimental studies of Rashba 
spin splitting in InAs/AlSb QW heterostructures are presented. Using the 8-band k·p 
Hamiltonian the Rashba spin splitting constant at the Fermi level and at the bottom of electric 
subbands is calculated. By Fourier analysis of Shubnikov-de Haas oscillations at 0.2 K in 
weak magnetic fields the values of 2D electron concentration in spin subbands and 
experimental value of Rashba constant at the Fermi level are determined. 
 
Fig. 1.6. (a) Scheme of band diagram of AlSb/InAs/AlSb QW heterostructures under 
positive voltage, applied to the gate [48]. (b) SdH oscillations at 1.3 K and gate 
voltage of 1 V. The inset shows the beatings of oscillations SdH in different scale. 
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1.2. Persistent photoconductivity in InAs/AlSb single quantum well het-
erostructures. 
Persistent photoconductivity (PPC) is the phenomenon of long-term modification of 
the material conductivity after the action of light. If the sample conductivity increases after 
the illumination, this is a positive PPC, while in the case of conductivity decrease after light 
action, PPC is called the negative one. Usually PPC takes place at the charge carrier concen-
tration increase/decrease after sample illumination by light with definite wavelength due to 
the charge space transfer. Therefore, in 2D systems with a pronounced PPC there is a princi-
ple possibility to control optically the “built-in” electric field and, correspondingly, the spin 
splitting in the energy spectrum in the absence of the magnetic field that is significant for de-
signing different spintronics devices. 
Persistent photoconductivity was observed in various semiconductor systems: Si1-
xGex/Si QW heterostructures [49], crystals ZnCdSe [50], GaN films [51] etc. One of the most 
studied 2D electron system exhibiting PPC is GaAs/AlGaAs heterojunction. PPC in this sys-
tem was discovered in work [52] where an increase of the 2D electron concentration from 
1.1⋅1012 cm−2 up to 1.6⋅1012 cm−2 was observed at liquid helium temperature after the struc-
ture illumination. Negative PPC has been observed in GaAs/AlGaAs QWs [53]. The effect is 
related to the generation of electron hole pairs under illumination with photons having ener-
gies exceeding the band gap of AlGaAs. Photoexcited electrons are captured by ionized shal-
low donors in AlGaAs, while holes move in the “built-in” electric field to the QW where they 
recombine with 2D electrons. It results in a decrease of 2D electron concentration. 
As it has been mentioned in the Introduction, a remarkable feature of InAs/AlSb QW 
heterostructures is the bipolar PPC, i.e. it can be positive [25, 29, 30, 54] or negative [22, 29-
31], both effects being of considerable strength. In these heterostructures 2D electron concen-
tration can be reversibly tuned by more that 10 times depending on the wavelength of the ra-
diation illuminating the sample [55]. PPC in InAs/AlSb heterostructures was explored for the 
first time in reference [22] where heterostructures with InAs QW 12 nm wide with 2D elec-
tron concentration of 1.25⋅1012 cm-2 and mobility about 25000 cm2/V⋅s (at room temperature). 
It was discovered that, in contrast to the widely investigated GaAs/AlGaAs heterostructures, 
the illumination by green light emitting diode (LED) at low temperatures result not in an in-
crease but in the diminishing of the 2D electron concentration (from 8⋅1011 cm-2 down to 
2.5⋅1011 cm-2). The concentration change persisted up to T = 100 K and at higher temperatures 
the effect disappeared. 
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Further studies of persistent photoconductivity in InAs/AlSb heterostructures demon-
strated that positive PPC was observed when the heterostructures was illuminated by infrared 
(IR) light. The latter was related to the photoionization of some deep donors in AlSb barriers 
(Fig. 1.7). The photoexcited electrons are considered to be captured by InAs QW thus increas-
ing 2D electron concentrations that persists practically up to the sample thermal heating. The 
negative PPC is related with band gap excitation of electron-hole pairs firstly in GaSb cap 
layer and then (at shorter wavelengths) in AlSb barriers. Photoexcited electrons are captured 
by ionized deep donors while holes drift in the AlSb barriers in the “built-in” electric fields to 
the interface AlSb/InAs where they recombine with electrons in InAs QW, thus decreasing 
2D electron concentration. 
 
 
 
Spectroscopic studies of PPC in InAs/AlSb heterostructures at T = 4.2 K were carried 
out in references [29, 30, 56]. Under irradiation with photon energies 0.6 to 1.2 eV positive 
PPC was observed related to the photoionization of deep donors. At shorter wavelengths posi-
tive PPC was observed related to the generation of electron-hole pairs with subsequent sepa-
ration of electrons and holes by the “built-in” electric field, capture of electrons by ionized 
donors and holes recombination with 2D electrons in InAs QW. At photon energies over 3.2 
eV an abrupt decrease of the negative PPC was discovered [30, 56] and attributed to the 
photoionization of deep donors in AlSb due to optical transitions into the next (over the con-
duction band) energy band. Since in this case the process of electron generation prevail over 
recombination ones (due to electron-hole pair generation) this results in the fast setting of a 
higher “equilibrium” concentration that in turn leads to a resistance decrease. 
 
Fig. 1.7. Scheme of band diagram of InAs/AlSb heterostructure. Dashed line 
indicates -valley edge in AlSb. Arrows indicate energies in eV. 
 21 
Hall effect measurements demonstrated the correlation between spectral dependences 
of sample resistance and 2D electron gas concentration. In the spectral range of positive PPC 
an increase of electron concentration (compared to the dark value) is observed, while in the 
range of negative PPC the electron concentration decreases. In Fig. 1.8 spectral dependences 
of both the InAs/AlSb sample A680 resistance and 2D electron concentration are given [56]. 
Solid lines were obtained when the illumination was permanently switched on and the wave-
length was swept continuously (from large photon energies to smaller ones). The dots corre-
spond to persistent (after illumination switching off) values of resistance. Horizontal dotted 
lines correspond to the dark (after cooling and before first illumination) values of 2D electron 
concentration and sample resistance. As one can see from Fig. 1.8 2D electron concentration 
decreases in the spectral range of negative PPC approximately 1.5 times compared with the 
dark value. 
 
 
 
It was also demonstrated in reference [56] that negative PPC in InAs/AlSb heterostruc-
tures is mainly owing to surface donors in GaSb cap layer. In Fig. 1.9 PPC spectra of nomi-
nally undoped samples B1532, B1534 and B1535 are given [56]. In these samples InAs cap 
layer was grown over the GaSb one. In the long wavelength part of the spectrum there is posi-
tive PPC just as in Fig.1.8. However in contrast to the sample A680, that exhibit also a strong 
negative PPC in the short wavelength part of the spectrum, in the samples B1532, B1534 and 
B1535 the negative PPC is very weak. The latter indicates the significant role of surface do-
nors in GaSb cap layer as “suppliers” of 2D electrons to InAs QW. It has been shown [57] 
that 2D electron concentration decreases with the thickness of the upper (nearest to the sur-
 
Fig 1.8. 2D electron concentration and PPC (resistance) versus photon 
energies in nominally undoped InAs/AlSb sample A680 [56]. 
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face) AlSb barrier that also indicates a significant role of surface donors in GaSb cap layer. 
Besides, it was demonstrated in [58] that such donors participate significantly in the 2D elec-
tron concentration in the case of GaSb cap layer only (in contrast to InAs cap layer). 
 
 
 
In Chapter 2 of the thesis an asymmetry of the “built-in” electric field in InAs/AlSb 
heterostructures with GaSb cap layer will be directly demonstrated by PPC measurements in 
the samples with double QWs in the spectral range of positive PPC (at photon energies less 
that 1.7 eV). 
 
Fig. 1.9. PPC spectra of nominally undoped InAs/AlSb heterostructures (sam-
ples B1532, B1534 and B1535) with InAs cap layer [56]. Dark resistances of 
the samples are shown by horizontal lines.  
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1.3. Exchange enhancement of quasiparticle g-factor in 2D electron gas. 
The electron motion in plane of 2D system is quantized under external magnetic field 
applied perpendicular to the interfaces. Discrete character of the density of states in a 
magnetic field leads to a partial suppression of the screening of the electron-electron 
interaction and the formation of specific many-body Coulomb states such as Laughlin’s in-
compressible liquids, a composite fermion system, a Hall ferromagnet, a Wigner crystal and a 
number of exotic phases in systems with a spatial charge separation [59], that do not have 
analogues in three-dimensional systems. As it is noted in the Introduction, it is convenient to 
subdivide the "many-body” spin-related phenomena in semiconductor heterostructures, 
caused by the Coulomb interaction between 2D charge carriers, into “magnetotransport” and 
“magnetooptical” phenomena. 
The most part of the collective “magnetotransport” spin-related phenomena in 2D 
semiconductor systems are defined by the ground state of the 2D electron gas that is the qua-
siparticle spectrum in magnetic field renormalized by Coulomb interaction. Many aspects of 
the structure of the ground state in 2D electron system in integer [60] and fractional [61] 
quantum Hall effect (QHE) regimes still remain unclear, even three decades after the discov-
ery of these remarkable phenomena. For example, considerable efforts are currently focused 
on studying an unusual fractional QHE state at a filling factor of 5/2 [62], for which the the-
ory predicts the possible existence of elementary excitations with non-Abelian statistics [63, 
64]. 
In magnetotransport studies of 2D electron gas in QHE regime under high magnetic 
fields it is possible to determine the value of the effective g-factor that characterizes the 
Zeeman splitting at the Fermi level in the quasiparticle spectrum. The obtained data may 
differ appreciably from the g-factor values for both free and bulk material electrons. This 
effect was first discovered in 1968 by Fang and Stiles [65], who studied the magnetotransport 
of 2D electron gas in silicon MOS structures in tilted magnetic fields. 
The “coincidence method”, proposed in [65], is based on the assumption that in tilted 
magnetic fields the orbital Landau quantization, characterized by the effective mass m*, is de-
termined by the perpendicular component of the magnetic field and the Zeeman splitting, 
characterized by the effective g-factor g*, is determined by the total magnetic field. By vary-
ing the tilt angle, one can control the ratio of Zeeman energy to the energy of Landau quanti-
zation in the quasiparticle spectrum. When this ratio equals an integer value at some critical 
angle, two different Landau Levels coincide in energy and, if this happens at the Fermi level, 
then two peaks of SdH oscillations corresponding to the Landau levels contribution also coin-
cide and conductivity becomes a maximum. Thus, by analyzing the Zeeman splitting of the 
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SdH oscillations in tilted magnetic field one can extract the value of the m*g* product for the 
quasiparticles from experimental data. Using the quasiparticle mass m*, extracted from the 
temperature dependence of the amplitude of SdH oscillations, Fang and Stiles obtained the g-
factor values in the range of 2.47 ÷ 3.25 exceeding the values in bulk samples g ≈ 2. In refer-
ence [8] the observed enhancement of the “magnetotransport” g-factor was for the first time 
associated with electron exchange interaction. Ando and Uemura were the first to suggest that 
the g-factor should be an oscillating function of the Landau levels filling factor [9]. 
Oscillatory behavior of the quasiparticle g-factor was associated by Ando and Uemura 
to the Fermi level oscillations in a magnetic field. If an odd number of Landau levels are 
occupied in a given magnetic field and their densities of states do not overlap, the Fermi level 
lies between (N,) and (N, ) Landau levels and the difference in the electrons with opposite 
spin is maximized. In accordance with the Pauli principle (antisymmetry of the many-particle 
wavefunction with respect to the permutation of two particles) the electrons with one spin 
orientation do not contribute to the exchange correction of the energy of the Landau level 
with opposite spin. Since the exchange corrections to the Landau level energies in the Fermi 
system are negative, then the difference in the numbers of electrons with opposite spins leads 
to an increase in the splitting of the (N,) and (N, ) Landau levels, which achieves a 
maximum at odd filling factors, resulting in a maximum of the quasiparticle g-factor. If the 
Fermi level lies between the (N, ) and (N+1, ) states, which corresponds to an even filling 
factor, the numbers of electrons with opposite spins are the same, and g-factor takes a 
minimum value. Thus, the quasiparticle g-factor should oscillate under magnetic field (Figure 
1.10). 
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In most magnetotransport experiments presented in the literature, in which the 
exchange enhancement of the g-factor in various 2D electron systems was studied, as well as 
in papers [65-69] the "coincidence method" was used. Thus, it is necessary to make a few 
comments about its applicability. We note that the exchange corrections to the Landau level 
energies in the tilted magnetic field are defined by the single-particle wave functions, which, 
generally speaking, depend on both parallel and perpendicular components of the applied 
magnetic field. Since the mass and the quasiparticle g-factor renormalization is determined by 
exchange corrections, the m* and g* values at different tilt angles will be different. Therefore, 
applicability and accuracy of the results obtained by the “coincidence method” should be 
discussed in each case. In spite of this fact, this method of magnetotransport study is widely 
used to determine the quasiparticle g-factor and often gives physically reasonable results in 
2D system based on CdTe, GaAs, AlAs [70-74] with parabolic subbands. 
 
 
Fig. 1.10. The oscillations of quasiparticle g-factor at the Fermi level 
depending on 2D electron concentration at several magnetic field values [9]. 
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Besides the coincidence method there are several well-known methods to study the 
exchange enhancement of the g-factor in perpendicular magnetic fields. By analyzing the 
Zeeman splitting of the SdH oscillations in perpendicular magnetic field at different 
temperatures and hydrostatic pressure [75] one can extract the value of the Zeeman splitting at 
the Fermi level in the quasiparticle spectrum at odd values of Landau levels filling factors. 
The values of the Zeeman splitting in quasiparticle spectrum, obtained in [75] were in good 
agreement with the predictions of Ando and Uemura theory (Figure 1.11). 
Magnetotransport study of heterostructures with 2D electron gas by resonant-tunneling 
spectroscopy in a perpendicular magnetic field allows one to determine the Zeeman splitting 
at the Fermi level and the quasiparticle g-factor directly [76, 77]. In strong magnetic fields the 
densities of states of adjacent Landau levels in a quantum well, sandwiched between two 
barriers, do not overlap. If in given magnetic field a Landau level crosses the Fermi level, 
which corresponds to the maximum value of the density of states at the Fermi energy, the 
tunneling current through the heterostructure also reaches its maximum value. With 
increasing magnetic field the Fermi level lies between Landau levels as a result the density of 
states at the Fermi energy and tunneling current through the heterostructure vanish. By ana-
lyzing the peak positions of the tunneling current in perpendicular magnetic field one can 
determine the spin splitting of the Landau levels at the Fermi energy (Figure 1.12). 
 
 
Fig. 1.11. Zeeman splitting at the Fermi level at odd filling factor values in 8.2 nm 
wide AlGaAs/GaAs/AlGaAs QW [75]. 
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Mendez et al. [77] investigated the exchange enhancement of the g-factor in 2D elec-
tron gas in GaSb/AlSb/InAs/AlSb/GaSb heterostructure by resonant-tunneling spectroscopy 
in magnetic fields up to 30 T at T = 1.4 K. The thickness of the AlSb and InAs layers in the 
heterostructure was 4 and 15 nm respectively. The concentration of 2D electron gas was de-
termined from the conductance oscillations in low magnetic fields. The sample with the 2D 
electron concentration nS = 1.2·1012 cm-2 exhibited two peaks in the oscillations of the elec-
tron g-factor. One peak with the g-factor maximum of 15 was observed in the magnetic field 
corresponding to the Landau levels filling factor of 3; the authors regarded it as a manifesta-
tion of the exchange interaction. The other peak with the maximal g-factor value of 11 was 
observed in the magnetic field corresponding to the filling factor of 2. However, the origin of 
this peak for even values of the filling factor remained unclear [77]. 
 
 
Fig. 1.12. (a) The band scheme of GaSb/AlSb/InAs/AlSb/GaSb heterostructures in 
perpendicular magnetic field. Dotted line corresponds to the Fermi level position. 
The small Landau-level quantization of the heavy holes in GaSb layers has been 
ignored [77]. (b) Conductance oscillations (left) and the values of the quasiparticle 
g-factor (right) determined by analyzing of current-voltage characteristics in 
magnetic fields. (c) Low temperature (T = 1.4 K) tunneling current-voltage 
characteristics at different values of the magnetic field. 
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Another way to study the exchange enhancement of the g-factor in 2D electron gas is 
based on time-domain capacitance spectroscopy [78, 79]. Landau levels capacitance 
spectroscopy in 2D system allows one to measure not only the spin splitting in the 
quasiparticle spectrum at the Fermi energy but also the density of states, the lifetimes of 
quasiparticles in the QHE regime and the spin splitting of Landau levels not located at the 
Fermi surface [79]. The results of experimental study of the exchange enhancement of the 
Zeeman splitting at the Fermi energy in AlGaAs/GaAs/AlGaAs QW, performed in [79], are 
presented in Figure 1.13. The observed decrease of the Zeeman splitting with increasing 
filling factor at fixed magnetic field is in good agreement with predictions of Ando and 
Uemura theory [9]. 
Generally, estimations of the g-factor enhancement in various 2D systems, made to in-
terpret the results of magnetotransport experiments, are based on reference [9]. In addition to 
Ando and Uemura, exchange enhancement of the g-factor was studied in references [80-82]. 
W. Xu et al. [80] added to their model the electron interaction with acoustic and piezoelectric 
phonons which allows them to provide calculations of the quasiparticle g-factor and density 
of states at non-zero temperature. The authors in [81] calculated the ground state energy and 
the g factor in 2D electron gas in strong magnetic fields using a variational Monte Carlo 
method and many-body trial wave functions composed of the Jastrow correlation factor and 
the Laughlin type functions [83]. C. H. Yang and W. Xu [82] examined how the exchange 
interaction affects the spin splitting in a 2D electron gas with the Rashba spin-orbit coupling 
induced by SIA in the presence of quantizing magnetic fields. The single-particle states in 
 
Fig. 1.13. The exchange enhancement of Zeeman splitting at the Fermi 
energy in the 17.5 nm wide AlGaAs/GaAs/AlGaAs QW at odd filling 
factor values and different values of the magnetic field [79]. 
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heterostructures with parabolic energy-momentum law in electric subbands are well described 
by the 2×2 Hamiltonian which contains only the effective mass and g-factor as phenomenol-
ogical parameters. Such Hamiltonian was used as a single-particle operator of the kinetic en-
ergy in [8, 9, 80-82]. In QW heterostructures based on narrow-gap semiconductors with 2D 
electron gas, such as AlSb/InAs/AlSb quantum well, the energy-momentum law in the electric 
subbands is characterized by pronounced nonparabolicity (Figure 1.14). Single-particle states 
in narrow-gap heterostructures are usually well described by the 8-band k·p Hamiltonian [16, 
21, 27, 32, 34], which takes into consideration the k·p interaction between the conduction 
band, the light and heavy-hole bands and the split-off band exactly. The interaction with 
remote bands is considered under the perturbation theory. It allows one to directly take into 
account the influence of nonparabolicity, lattice-mismatch deformation and spin-orbit cou-
pling on the electron energy spectrum. We note that quasiparticle g-factor calculations, based 
on 8-band k·p Hamiltonian, in narrow gap quantum wells have not been performed till now. 
 
 
In addition to paper [77], exchange enhancement of the g-factor in narrow-gap 
InAs/AlSb QW heterostructures was also studied in [14-16]. To determine the g-factor values 
in AlSb/InAs/AlSb QW S. Brosig et al. [14] used the “coincidence method”. As noted above, 
the energy spectrum of single-particle states in narrow-gap QW heterostructures are well 
described by the 8-band k·p Hamiltonian, as a result the electron motions in plane and per-
pendicular to the QW interfaces are mixed by 8-component wavefunctions. It means that in 
tilted magnetic fields the orbital Landau quantization and the Zeeman splitting in the 
 
Fig. 1.14. Cyclotron mass dependence on the 2D electron concentration: the theo-
retical calculation for the first three electric subbands in the AlSb/InAs/AlSb 
quantum wells with widths of 20.5 nm (solid lines) and 150 nm (dashed lines). 
Experimental data are represented by closed squares [21]. 
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quasiparticle spectrum will be determined by both components of the magnetic field and 
cannot be described by two phenomenological parameters m* and g*. Thus, the main 
assumption underlying the “coincidence method” in narrow-gap semiconductors is violated. 
Therefore, the experimental results of the g-factor exchange enhancement study, obtained in 
[14], will not be considered in the thesis. 
 
 
 
In paper [15] the SdH oscillations in perpendicular magnetic fields were studied and 
the quasiparticle g-factor was estimated from the relation: 
g*=2(B1m0/B2m*),     (1.23) 
where B1 is the magnetic field at which the first SdH oscillation occurs, B2 is the field when 
the first spin splitting shows up and m* is the effective electron mass at the Fermi energy. The 
results of experimental study of the g-factor exchange enhancement in the samples with 
different 2D electron concentrations at different magnetic field values are presented in 
Figure 1.15. The authors in [15] admit that the proposed method is not very accurate because 
the fields B1 and B2 cannot be measured with precision. Note that expression (1.23) ignores 
the band nonparabolicity effects and the dependence of the Landau levels broadening on the 
magnetic field and on the Landau level index. 
In paper [15] to determine the g-factor the measurements of temperature dependences 
of the longitudinal resistance at the minima corresponding to odd filling factor values, where 
the exchange enhancement of the g-factor should be the maximum, were also used. It was as-
sumed that Rxx ~ exp(-/kBT) , where  = |g*|BB is the spin splitting energy of the Landau 
 
Fig. 1.15. Quasiparticle g-factor values measured in AlSb/InAs/AlSb QW samples 
with different 2D electron concentration at different magnetic field values [15]. 
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levels, B is the Bohr magneton, T is the temperature, and kB is the Boltzmann constant. But 
the g-factor values |g*|, obtained within the second method, were significantly smaller than 
the values obtained by using the first method. That was associated with significant densities 
of states overlapping at the spin-split Landau levels. 
 
 
To determine the g-factor values by analyzing the peak positions of the split SdH os-
cillations in perpendicular magnetic fields in paper [26] a simple expression for the Landau 
level energy, taking no into account the strong nonparabolicity of the electric subbands in 
InAs/AlSb, was used. It led to unphysical giant oscillations of the g-factor as a function of 
magnetic field (Figure 1.16). V. Ya. Aleshkin et al. [16] used the results of numerical Landau 
levels calculations, obtained within the Hartree approximation based on 8-band k·p 
Hamiltonian. It allowed them to avoid the non-physical giant oscillations in the quasiparticle 
g-factor [16] and to obtain the g-factor values in the neighborhood of odd filling factors which 
were in qualitative agreement with experimental data from paper [15]. 
“Magnetotransport” g-factor values, obtained in papers [15, 16 and 67], will be used to 
compare with the results of quasiparticle g-factor calculations in InAs/AlSb QW 
heterostructures with single occupied electric subband, performed in Chapter 3 of the thesis. 
Until now, similar calculations, based on the 8-band k·p Hamiltonian, in narrow-gap QW 
heterostructures have not been performed. 
 
Fig. 1.16. Quasiparticle g-factor oscillations versus magnetic field for three 
different samples. The horizontal line corresponds to the g-factor position 
at the conduction band bottom in bulk InAs [26]. 
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1.4. Collective excitations in the quantum Hall effect regime. Excitonic 
representation. 
Electron-electron interaction in the presence of magnetic field leads to spin-related 
phenomena associated with collective excitations due to the interaction of 2D electron system 
with electromagnetic radiation. As noted in the Introduction, in magnetooptical experiments 
the system transits from the ground state to the excited state as a result of the quasi-electron-
quasi-hole pairs production (quasi-electrons are above the Fermi level and quasi-holes are 
under the Fermi level) associated with resonant electromagnetic wave absorption in 2D 
electron gas. The excitations of 2D electron system in the presence of magnetic field are the 
magnetic excitons [4, 5, 84-90], which are bound states of a quasi-hole below the Fermi level 
and a quasi-electron at one of the empty Landau levels as well as various magnetoexciton 
complexes [91-97]. The Fermi quasiparticles emergence in the system [97] is the result of the 
limiting transition to the infinitely large wavevector values in the spectra of these excitations. 
Similar branches of the dispersion curves of intersubband excitations correspond to bound 
states of quasi-holes in the lowest electric subband and quasi-electrons in one of the higher-
lying subbands. Specified excitations may conform to the charge and spin density oscillations. 
Let us consider the intrasubband excitations associated with the electron transition 
from the occupied level to one of the empty Landau levels in 2D system with parabolic 
energy-momentum law in the subbands that is characterized by the effective mass m*. It is 
considered to change the orbital quantum number of the electron (Landau level index from n 
to n'), as well as the spin projection on the magnetic field direction (z axis). Since the two-
particles Hamiltonian that described the quasi-electron-quasi-hole bound state: 
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commutes with the magnetic exciton total momentum operator [88]: 
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where A is the magnetic potential, the eigenvalues and the wavefunctions of the 
Hamiltonian (1.24) are labeled by the continuous variables kx and ky, where a conserved wave 
vector k corresponds to the eigenvalue of the Q

 operator. Thus, the discussed pair excitations 
in the presence of magnetic field B can be classified by a set of dispersion curves: 
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where 
cm
eB
c *
=ω  is the cyclotron frequency, Bg Bµ*  is the Zeeman energy, nnm −= ' , zSδ  is 
the change in the spin projection on the z axis. The Coulomb energy ),( Bkm

∆  depends on m 
and also on which Landau levels were initially occupied; moreover, there are several branches 
to ),( Bkm

∆  in the general case and to separate the branches the additional indices are usually 
introduced [88]. 
 
 
 
Let us consider the case of a single Landau Level occupation (filling factor ν = 1) in 
2D system. In this case the total spin and the spin projection on the magnetic field direction is 
equal to S = Sz = N/2 i.e. the 2D electron system is completely spin-polarized (N is the 
number of electrons in the system). In this state, which is also called the quantum Hall 
ferromagnet, there are three branches of the neutral excitations with m = 0, 1: 
magnetoplasmon m = 1, δS = 0, δSz = 0, the cyclotron spin-flip mode m = 1, δS =1, δSz =-1 
and the spin exciton (the spin wave) m = 0, δS =1, δSz =-1 (Figure 1.17). In the case of ν = 2 
the states with opposite spins are equally occupied and the total spin and its projection on the 
magnetic field direction is equal to S = Sz = 0. Because of two possible values of the spin 
projection on the z axis of the excited electron and hole, the total spin of single-pair excitation 
δS with m = 1 can be equal to either 0 (singlet bound state) or 1 (triplet bound state). The 
latter excitations differ from the projection of the spin excitations δSz on the magnetic field 
direction: |-1>, |+1> are the spin-flip excitations (SF) and |0> is the cyclotron spin wave 
(CSW). The excitations with m = 0 (SE) at even filling factors values are absent (Figure 
1.18). 
 
Fig. 1.17. Schematic diagram of (MP) magnetoplasmon (δS = 0, δSz = 0), (SE) spin ex-
citon (δS = 1, δSz =-1) and (SF) cyclotron spin-flip mode (δS = 1, δSz =-1) collective 
excitations in the quantum Hall ferromagnetic state (ν = 1) of 2D electron system. 
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Classification of the m = 0, 1 excitations at arbitrary integer filling factor is similar to 
the presented in Fig. 1.17 and 1.18 at ν = 1, 2. Note that in case of non-integer filling factors 
the excited states of 2D electron system can not be divided into singlet and triplet states. The 
dispersion law of the excited modes is determined by the Coulomb term ),( Bkm

∆ , which 
includes the difference of the exchange energy of the electron in excited Landau level and the 
exchange energy in the level from which the electron is removed, as well as direct Coulomb 
interaction of the excited quasi-electron and quasi-hole. 
 
 
 
Since the dynamical conductivity is determined by the long-wavelength limit of the 
considered excitations [2, 88], that are active in electromagnetic emission and absorption, the 
experimental study of many-particle interaction effect on 2D system excited states faces a 
number of symmetry restrictions. The latter include the Kohn theorem which states that the 
electron-electron interaction in an ideal translational invariant system which does not affect 
the energy absorption in cyclotron resonance [1], which is determined by long-wavelength 
limit of the magnetoplasma mode (MP) [2]. According to a similar theorem for systems with a 
rotational invariance in spin space (the Larmor theorem), the electron-electron interaction 
does not affect the energy absorption in the spin resonance, which is determined by the long-
wavelength limit of the dispersion of spin excitons (SE). We note that the Larmor theorem 
violation in 2D system was studied in single paper, where the theoretical researches of 
violation of rotational invariance in spin space, induced by SIA, were performed [6]. To 
describe the single-particle states, the 2×2 Hamiltonian that contains three phenomenological 
parameters: the effective mass, the g-factor of charge carriers and the Rashba spin splitting 
constant in the SIA term (1.5), was used. Electron-electron interaction was taken into account 
 
Fig. 1.18. Schematic diagram illustrates the four possible types of neutral excitations in the 
case of ν = 2: SF is the spin-flip excitation with the spin projection on the magnetic field 
direction |-1> (δS = 1, δSz =-1) and |+1> (δS = 1, δSz = 1); CSW is the cyclotron spin 
wave (antiphase combination of two transitions, δS = 1, δSz = 0); MP is the 
magnetoplasmon (inphase combination of two transitions, δS = 0, δSz = 0). 
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by numerical diagonalization of the Hamiltonian with a finite number of electrons. The 
results, obtained in [6], demonstrate that the renormalization of the g-factor, measured in spin 
resonance, depends both on the magnetic field and on the Rashba constant. The symmetry re-
strictions, such as the Kohn and Larmor theorems, do not apply to the excitation accompanied 
by a simultaneous change in the orbital and spin quantum number of the electron system. The 
energy of such spin-flip excitations includes a Coulomb contribution at a zero total momen-
tum and the magnitude and sign of this contribution depend on the filling factors of Landau 
levels [90, 94, 98 and 99]. 
To describe the pair excitations in the presence of magnetic field it is convenient to 
use the so-called excitonic representation [3-5, 91-96, 100], that allows of more clear 
interpretation of the excited state in the 2D electron system, in contrast to the methods, based 
on the diagrammatic representation of Green functions [88, 90]. For the bound state definition 
formed by an electron placed on an unfilled or partially filled Landau level (n1,σ1) and an ef-
fective hole emerging thereby on the previous level (n2,σ2), let us introduce the exciton crea-
tion operator: 
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where + σ,, pna  and σ,, pna  are the creation and annihilation operators for an electron in the states 
corresponding to the Landau gauge conditions, p is the internal quantum number of the Lan-
dau level (one of the coordinates of the orbit center), 22 2 BlLN piφ = , L×L is the area of 2D 
system. The single-particle energy corresponding to the (n,σ) Landau level is given by 
σµωσ BgnE Bcn *)0(, )21( ++=  .    (1.28) 
The basis of one-exciton states is determined with the help of operators (1.27): 
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= σσσσ ,    (1.29) 
where the ground state 0  is set in the zeroth approximation. For an integer filling factor, it 
means that states (1.29) exist if the (n2,σ2) Landau level is completely occupied, while the 
(n1,σ1) Landau level is completely empty. Then states (1.29) are mutually orthogonal and 
normalized: 
baababbaba kknnnnbbbbbaaaaa
knnnnk 

,,,,,22112211 22112211
;,,,,,,; δδδδδσσσσ σσσσ= . 
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One-pair excitation energy )(k

ω  is the difference between the ground and excited states, 
described by the wavefunctions (1.29). It can be shown that to calculate )(k

ω  one needs to 
solve the following secular equation: 
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Generally speaking, this approach does not lead to a correct result since system of equations 
(1.30) corresponds to the above-mentioned mean field approximation for excitons. However, 
for the three elementary excitations associated with magnetoplasma waves MP, spin wave SE 
and cyclotron spin-flip excitation SF |+1>, the total Hamiltonian Hˆ  including the Coulomb 
interaction can be diagonalized to a first approximation in Cr  (the ratio of Coulomb energy 
Ble ε2  to cω ) in the basis of one-exciton states (1.29). In this case the commutator in 
Eqs (1.30) is determined only by the single-particle terms in the Hamiltonian and by the part 
EDH intˆ  of Coulomb Hamiltonian intˆH , which can be diagonalized in the basis of all possible 
one-exciton states for arbitrary (n1,σ1) and (n2,σ2) pairs. It should be noted that after the sub-
stitution of intˆH  to 
EDH intˆ  not only the Zeeman energy is conserved (since operator Sz com-
mutes with intˆH  and 
EDH intˆ ), but also the single-particle orbital energy corresponding to the 
operator 
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In other words, the effect of “Landau level mixing” is ignored in this model since 
[ ] 0ˆ,ˆ int1 =EDHH  (although [ ] 0ˆ,ˆ int1 ≠HH  in the general case). The fact that the result is exact for 
some sets of (n1,σ1) and (n2,σ2) pairs in the first order in Cr  means that the mixing of Landau 
levels for these excitations only leads to the second- and higher-order corrections in the inter-
action. Changes in the orbital and Zeeman energies are determined by the values of cm ω  
and BgS Bz µδ * , where quantum numbers m and zSδ  are given by 
4321 nnnnm −=−= ,   
4321 σσσσδ −=−=zS .     (1.31) 
The conditions (1.31) must hold for all (n3,σ3) and (n4,σ4) pairs taken into account in Eqs 
(1.30). Other (n3,σ3) and (n4,σ4) pairs either do not appear in these equations, or they lead to 
higher-order corrections in Cr .  
The excitation, which are different from the MP, SE and SF |+1>, can not be 
calculated in the one-exciton basis (1.29). In this case, the basis must be extended and we 
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should go beyond the scope of the reduced model, based on the Hamiltonian EDH intˆ , to obtain 
the solution. Indeed, the remaining terms of the Coulomb Hamiltonian EDHH intint ˆˆ − , acting on 
the exciton (1.29) generally generate “additional” two-exciton states that cannot be reduced to 
one-exciton states: 
0)2()2(,;,,,,,,,
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+−= ++ σσσσσσσσ . 
Even in the framework of the first approximation in Cr , these terms must be taken into ac-
count in calculating the excitation energy. Additional two-exciton states emerge in all cases 
when m > 2 or even for m = 1 if 1−=zSδ  (cyclotron spin-flip excitation SF |-1>, for exam-
ple). In general case depending on the kind of excitation, which is under consideration, n-
exciton states appear in different order in perturbation parameter Cr . 
Excitonic representation is suitable for the theoretical description of pair excitations in 
2D electron gas in a strong magnetic field. This representation indicates a change from the 
Fermi creation operators, which generate the eigenstates of the ideal gas and are multiply de-
generate in parameter p, to the exciton operators, which act on the vacuum state 0  and form 
the system of basis states diagonalizing the Hamiltonian 
ED
zB HSBgH int
*
1
ˆˆˆ ++ µ . 
The last term includes a considerable part of the Coulomb interaction; consequently, for states 
of the new basis (1.29), which are classified by the quantum number k

, degeneracy is re-
moved. In some cases, we can ignore the difference between operators EDH intˆ  and intˆH  and ob-
tain correct results for the excitation energy in the first order in Cr . In a number of other 
cases, we can treat the terms EDHH intint ˆˆ −  as a perturbation [93] and use exciton states as basis 
vectors. The excitonic representation has a number of other obvious advantages. First, it is 
independent of the specific features of the gauge used for single-particle wavefunctions. In a 
different gauge, the definition of operator (1.27) changes, but commutation relations between 
exciton operators and the total Hamiltonian expression remain unchanged [95]. Second, the 
Hamiltonian of the Coulomb interaction from the four-operator expression is transformed into 
the two-operator expression. Finally, the excitonic representation gives the explicit form of 
the eigenstates of a many-particle system and makes it possible to easily calculate using 
commutation rules the transition matrix elements that determine the probability of various ki-
netic processes in 2D electron gas in accordance with the Fermi golden rule. 
As was pointed above, the energy-momentum law in narrow-gap heterostructures with 
2D electron gas, such as AlSb/InAs/AlSb QW, is characterized by pronounced 
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nonparabolicity and is described by the 8-band k·p Hamiltonian. Since the spin-orbit 
coupling, which partially splits the complex valence band in bulk materials into split-off 
valence band and the light- and heavy-hole band, is automatically included in the 8-band k·p 
Hamiltonian, 2D electron systems, which are well described by such Hamiltonian, do not 
possess the rotational invariance in spin space. It leads to a Larmor theorem violation in such 
narrow-gap systems and the appearance of many-body effects, associated with Coulomb 
interaction in 2D electron gas, in spin resonance even in the absence of the BIA and SIA 
terms. In this thesis, by using the exciton representation, the spin exciton energy (SE-
excitation) in the long-wavelength limit in InAs/AlSb QW heterostructures will be calculated. 
In Chapter 4 of the thesis, by calculating "magnetooptical" g-factor values, Larmor theorem 
violation in narrow-gap quantum wells will be demonstrated for the first time. 
The nonparabolicity of the energy-momentum law is a result of the translational 
invariance breakdown that proves the existence of some characteristic length scale in the 
system. The analogy of Dirac equation for relativistic electron with 4-band Kane model for 
the envelope wave functions [102], taking directly into account the k·p interaction (including 
the spin) between the conduction band and light hole valence band, can be given as an exam-
ple. In the Dirac equation, in contrast to the Schrödinger equation, there is an implicit 
parameter of the length scale – the Compton wavelength cm 0=λ , where c  is the speed of 
light and 0m  is the electron rest mass. Transition to the nonrelativistic Schrödinger equation is 
carried out under the condition that the characteristic energy of electrons in the system is 
much smaller than the energy gap between electron and positron branches in the energy 
spectrum 202 cmEe << . This condition is essentially equivalent to the condition that the de 
Broglie wavelength Dλ  is much larger than the Compton wavelength cλ . 
The electron energy-momentum law in the 4-band Kane approximation is described by 
the expression which coincides with the relativistic form [102]: 
22
42
)( PkEEkE gg +±= ,     (1.32) 
where Eg is the energy band-gap, P is the Kane momentum matrix element. Parabolic limit in 
energy-momentum law is achieved under condition: 
g
D E
P
k
21
~ >>λ .     (1.33) 
In the 8-band k·p Hamiltonian, which in addition to the conduction band the split-off, light- 
and heavy-hole bands are included, except for (1.33), there are other parameters of the length 
scale associated with the valence bands. Note that all length scales, which appear in multi-
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band k·p Hamiltonians, are related to the symmetry of the unit cell in the crystal and are 
completely ignored in the single-band approximation based on the Schrödinger equation with 
effective mass m* as a phenomenological parameter. Thus, in 2D electron systems with 
conduction band nonparabolicity the Kohn theorem violation can be expected and the many-
body effects, associated with Coulomb interaction, should appear in the cyclotron resonance. 
The Kohn theorem violation in 2D electron systems with non-parabolic energy-
momentum law also follows from classical mechanics. It is easy to show that in Newton 
equations, which are written for two electrons in such system, the relative motion and the 
motion of center of mass are mixed and can not be separated. Since the cyclotron resonance in 
2D electron gas is determined by the motion of the center of mass, which is affected by the 
Coulomb forces in non-parabolic subband, the Kohn theorem in such systems must be 
violated. 
 
 
 
Up to now, there has not been complete theory for quantitative description of the 
influence of electron-electron interaction on the cyclotron resonance of 2D electrons in non-
parabolic electric subband. In the existing theoretical papers [2-5, 103] the matrix elements of 
the Coulomb interaction were calculated by using two-component wave functions of electron 
states in a parabolic subband. The features of the wave functions, associated with the band 
structure, were completely ignored in this case, and nonparabolicity was taken into account by 
introducing a phenomenological constant describing the difference in the cyclotron energies 
of different Landau levels. A consequence of this unfounded approach was the fact that the 
electron-electron interaction does not affect the cyclotron resonance at integer filling factors 
of Landau levels ν. 
 
Fig. 1.19. Single-pair excitations, which are taken into consideration in paper [2]. 
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MacDonald and Kallin [2] were the first who formulated the problem of the influence 
of electron-electron interaction on cyclotron energies in non-parabolic subbands. Considering 
the case of Landau level filling factors of 2 < ν <3, neglecting the Zeeman splitting energy 
MacDonald and Kallin obtained an effective Hamiltonian 
[ ]0)(,ˆ)(0)(
22114433 ,,,,,,
kAHkAkH nnnneff

+
= σσσσ  (see (1.30)) in single-exciton approximation 
which described the energies of excited states in the long-wavelength limit: 
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where 
2−=νε , 2k = , ( ) ( )Bcc ae εωω 2)1()0(  −=∆ , Ba  is a magnetic length, ε  is static 
permittivity. Eigenvalues of the Hamiltonian (1.34) are counted in units of Bae ε2  and in the 
first order of perturbation theory in electron-electron interaction 281 pi=I . 
By restricting themselves in consideration of single-pair excitations 1 , 2  and 3 , 
presented in Fig. 1.19, MacDonald and Kallin obtained following expression of dynamical 
conductivity in electric dipole approximation: 
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where λΨ  and E λ (λ =1, 2, 3) corresponds to the eigenfunctions and eigenvalues of the 
Hamiltonian (1.34). Note that in absence of nonparabolicity 0=∆  there is only one 
magnetoplasma mode, which is IR active in the long-wavelength limit [2]: 
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Other modes do not contribute to the dynamical conductivity in the long-wavelength limit that 
is in accordance with the Kohn theorem. 
As it was demonstrated, conductivity is determined by two cyclotron resonance lines 
In the case of strong electron-electron interaction ∆>>I : 
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The shortcoming of MacDonald-Kallin model is ignoring a triple splitting of cyclotron 
resonance lines observed in narrow-gap QW heterostructures, such as AlSb/InAs/AlSb QW. 
Yu. A. Bychkov generalized MacDonald-Kallin model to the case of 0 < ν <6 by taking into 
account the Zeeman splitting of Landau levels [4, 5]. The features of the wave functions, 
associated with the subband structure, were also ignored in [4, 5], and nonparabolicity was 
taken into account by introducing a phenomenological constant describing the difference in 
the cyclotron energies of different Landau levels. A consequence of such approximation is 
that position of cyclotron resonance lines at integer filling factors of Landau levels ν, as well 
as for ν < 2, does not depend on the electron-electron interaction in MacDonald-Kallin-
Bychkov (MKB) model. 
Chapter 5 of the thesis presents the results of experimental studies of cyclotron 
resonance in InAs/AlSb QW heterostructures in static magnetic fields up to 13 T and pulsed 
magnetic fields up to 45 T. By analyzing the measurements of cyclotron resonance spectra in 
the samples with single occupied electric subband, the features associated with the electron-
electron interaction (Kohn theorem violation) are observed. Dynamical conductivity and 
energies of CR transitions in InAs/AlSb QW heterostructures by taking into account the 
Coulomb interaction in 2D electron gas in “single-pair-excitation” approximation, based on 8-
band k·p Hamiltonian, are calculated. The calculations, based on 8-component wave 
functions, are compared with results of experimental CR study in InAs/AlSb QW 
heterostructures and with calculation results, obtained in a MKB model. The validity of “sin-
gle-pair-excitation” approach to describe the CR transitions in non-parabolic subbands is also 
discussed. 
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Chapter 2. Spin splitting in AlSb/InAs/AlSb quantum well in zero 
magnetic field. 
2.1. Hartree approximation in narrow-gap QW heterostructures. 
To describe the energy spectrum in semiconductor heterostructures taking into account 
the “built-in” electric field of spatially separated donor (acceptor) and charge carriers the 
Hartree approximation is commonly used. In the present chapter it will be used to calculate 
the energy spectrum of 2D electrons in InAs/AlSb QW heterostructures grown along the 
(001) crystallographic direction. Within this approximation a single-electron Hamiltonian in-
cludes the electric field of spatially separated 2D electrons and impurity ions in the barriers 
and in the GaSb cap layer as well as the local part of the electron-electron interaction. This 
approach is equivalent to the self-consistent solving of the set of Schrödinger and Poisson 
equations: 
),(),(),()1( zrEzrzrH NNNe
 Ψ=Ψ , 
( )  ΨΨ=∇∇ +−
'
''
4
N
NNee epiϕε ,     (2.1) 
where ε is the permittivity in each layer of the heterostructure, r  is the vector in the structure 
plane, e>0 is the elementary charge, ),( zrN
Ψ  is the 8-component envelope wave function of a 
single-particle state, and NE  is the electron state energy characterized by multi-index N. The 
upper sign “+” denotes the Hermitian conjugation. Single-particle Hamiltonian H(1e) in (3) has 
the form: 
eeDonors
pk
e ezzEHH −
⋅
× −⋅−= ϕ)(88)1(

.   (2.2) 
The z axis oriented along the normal to the heterostructure plane coincides with the crystallo-
graphic direction (001), the x and y axes correspond to directions (100) and (010), respec-
tively. 
The first term in the single-particle Hamiltonian (2.2) corresponds to the 8-band k·p 
Hamiltonian [104, 105] in the absence of external electric fields, taken for a single-electron 
kinetic energy operator. The second term describes the electric field of the donor impurities in 
the AlSb barriers and the GaSb cap layer. The third term –eϕe-e in Hamiltonian (2.2) reflects 
the fact that the isolated electron is affected by the electric fields of all other electrons re-
garded as a continuous distribution of negative charge with a density defined by the single-
electron wave functions of the occupied states (the Poisson equation of set (2.1) includes the 
summing over all of the filled states). 
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Semiconductors with diamond and zinc blende structure have a complex valence 
band [104] in which there are three closely spaced valence subbands (Fig. 2.1). The valence 
band top is located in the center of the Brillouin zone and is formed by triply degenerate 
(excluding spin) state of |P>-type. If the spin is taken into account, the band is six-fold 
degenerate at k = 0. Spin-orbit interaction splits the sextuple degenerate state in two states: 
8, which has a four-fold degeneracy, and 7 which is doubly degenerated. The difference in 
energy of the 8 and 7 states is called the spin-orbit splitting energy and is designated by ∆ . 
The total momentum of 8 and 7 states is equal to 3/2 and 1/2 (in units of ) respectively. 
The spin parts of the electron wave function corresponding to spin projections on the z axis 
( ± 1/2) will be labeled by “” and “”. The coordinate wave functions that transform as x, y, z 
will be denoted by |X>, |Y>, |Z>. The electron wave function at the  point of conduction 
band has the symmetry of the function with zero orbital angular momentum that is the |S>-
type function. Therefore the |S> and |S> functions can be regarded as loch functions at 
the conduction-band bottom. The 8-band k·p Hamiltonian takes exactly into consideration the 
coupling of the conduction band 6 with the light- and heavy-hole bands 8 and with the split-
off band 7. The coupling with remote bands may be considered under the perturbation theory 
[104]. Taking into account the coupling of the valence bands with the remote bands in the 
Hamiltonian is not critical for the description of energy spectrum in the conduction band 
[102] but it is fundamental to describe the complex valence band as it allows one to reach the 
finite value of the heavy holes effective mass [104]. 
Choosing the loch function basis at the  point of the Brillouin zone as 
↑=+Γ= Sru 21,)( 61  , 
↓=−Γ= Sru 21,)( 62  , 
↑+=+Γ= ))(21(23,)( 83 iYXru  , 
[ ]↑−↓+=+Γ= ZiYXru 2)()61(21,)( 84  , 
[ ]↓+↑−−=−Γ= ZiYXru 2)()61(21,)( 85  , 
↓−−=−Γ= ))(21(23,)( 86 iYXru  , 
[ ]↑+↓+=+Γ= ZiYXru )()31(21,)( 77  , 
[ ]↓−↑−=−Γ= ZiYXru )()31(21,)( 78  , 
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and neglecting the terms1 describing BIA [106] and IIA [107], the 8-band k·p Hamiltonian 
has the form: 
εHHH k
pk +=⋅× 

88 ,     (2.3) 
where kH   includes the terms depending on wave vector k and the terms that describe the 
spin-orbit coupling and εH  takes into account the strain effects on the electron energy spec-
trum. 
 
 
 
As noted above, to describe the conduction band states in n-type narrow gap semicon-
ductor structures the k·p interaction between the valence and remote bands can often be 
neglected [104, 105], so we set the modified Luttinger parameters as 0321 === γγγ . This 
will result in the following form of kH  : 
 





=
+
HHHC
CHCC
k HH
HH
H  ,    (2.4) 
where 
                                                 
1
 As experimentally demonstrated in [28], the SIA contribution to the spin splitting in 
InAs/AlSb QW heterostructures with a concentration of 2D electrons in 1011-1012 cm-2 is 
dominant, therefore to simplify the energy spectrum calculation the contributions caused by 
BIA and IIA in the spin splitting will be ignored. 
 
Fig. 2.1. The bands in bulk material which are exactly taken into account in 8-
band k·p Hamiltonian. The total momentum of 6 and 7 states is equal to 1/2 
and the total momentum of 8 states is 3/2. 
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Here [ ] BAABBA −=,  is the commutator for the operators A and B; P is the Kane momentum 
matrix element; )(zEC  and )(zEV are the conduction and valence band edges, respectively; 
∆  is the spin-orbit splitting energy, 0m  is the free-electron mass. The parameter CA  [108] 
describes the remote-band contribution to the conduction band mass and is defined as: 
)(33
2
2
222
∆+
−−=
ggC
C E
P
E
P
m
A  ,    (2.6) 
where Cm is the conduction band effective mass and gE  is the band gap. As we have ignored 
the coupling with the remote bands, not included in the 8-band k·p Hamiltonian, the parame-
ter CA  should be set equal to zero [108]. With this choice, Eq. (2.6) gives an expression for 
the interband momentum matrix element that, in conformity with the above approximations, 
should be used in our model: 
∆+
∆+
=
23
)(
2
3 22
g
gg
C E
EE
m
P  .     (2.7) 
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Formulae (2.5) contain one more modified Luttinger parameter: κ . Since the meas-
ured Luttinger parameters for the Hamiltonian 6×6 are related ones to the others [109] by: 
3
2
3
1
3
2
123 −−+=
LLLL γγγκ ,     (2.8) 
and for the 8-band k·p Hamiltonian the modified parameters express via L1γ , L2γ , L3γ , Lκ  as 
2
2
0
11 3
2
g
L
E
Pm
+= γγ ,  
2
2
0
22 3 g
L
E
Pm
+= γγ ,  
2
2
0
33 3 g
L
E
Pm
+= γγ ,  
2
2
0
3 g
L
E
Pm
+= κκ ,     (2.9) 
then, considering that in our model the modified parameters 0321 === γγγ , it follows from 
Eq. (2.8) and Eq. (2.9) that we should set 
3
2
−=κ .      (2.10) 
From Eq. (2.10) it follows, in particular, that in formulae (2.5) 0= . 
Since the InAs/AlSb QW heterostructures have been grown on the [001] plane the 
strain tensor can have only three non-zero components: yyxx εε = , zzε . From the condition of 
zero external stress along the (001) direction we can get the relation between xxε and zzε : 
a
aa
yyxx
−
==
0εε , 
xxzz C
C
εε
11
122
−= ,     (2.11) 
where Cij are the elastic constants in each layer, a and a0 are the lattice constants of the given 
layer and the unstrained AlSb barriers, respectively. As a result, operator εH  in (2.3), that 
describes the strain effect on the electron energy spectrum is diagonal and has the following 
form: 
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( )zzxxCaT εεε += 2 , 
( )zzxxVaU εεε += 2 , 
( )zzxxbV εεε −= ,     (2.12) 
where Ca , Va , b are the parameters of the deformation potentials
2
. 
The parameters CE , VE , P, and ∆  in the heterostructure are functions of z, and in the 
presence of heterointerfaces kH   involves the non-Hermitian terms Pkz. Therefore, to impart a 
Hermitian character to the Hamiltonian (2.4), we must impart the Hermitian character to the 
product: 
);()( zz kPHermkzP → .    (2.13) 
The spatially asymmetric field in the system distorts the QW potential profile, and as a 
result, the directions parallel and anti parallel to the growth axis of the structure are non-
equivalent. In the absence of spatial inversion center, caused by an asymmetric electric field, 
spin-orbit coupling removes the spin degeneracy in the energy spectrum of electron states and 
leads to the Rashba splitting. We note that in the presence of a “built-in” electric field, 
described by the terms zEDonors ⋅  and eee −ϕ , the splitting associated with the SIA, are 
automatically included in the Hamiltonian kH  . 
Assuming the excitation energies of electrons to be small compared to the band gap, 
we can reduce the set of equations (2.1) with multiband Hamiltonian kH   to a “single-band” 
equation with the Hamiltonian pkH

⋅
×22 . This “single-band” equation is valid in the vicinity of 
the conduction band bottom and involves properly ordered noncommuting operators. Taking 
into account the k·p interaction between the valence and conduction band to the accuracy of 
the second-order perturbation theory, we obtain that: 
eeDonors
SIASIA
kinC
pk ezEHHTzEH
−
⋅
× −⋅−+++= ϕ2122 )(

,  (2.14) 
where 
                                                 
2
 The effect of spin-orbit coupling on the deformation potentials will be neglected [104]. 
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and 
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The nondiagonal terms SIAH1  and 
SIAH 2  in (2.14) describe the Rashba spin–orbit split-
ting, which is linear in the wave vector near the conduction band bottom. In numerical calcu-
lations, for simplicity, the interband momentum matrix element P is commonly assumed to be 
constant for all of the materials forming the heterostructure. In this case, the expressions 
(2.15) and (2.16) coincide with the expressions derived in [110]. As it clear to see from 
(2.14)-(2.16), the spin–orbit splitting of the 2D electron spectrum is defined not only by the 
“built-in” electric field and by the structure parameters but also by the boundary conditions 
for the envelope wave functions.  
Since the exact expression for the Hermitian form (2.13) is unknown, in calculating 
the electron spectrum we restrict ourselves to the use of the Hermitian form of the product Pkz 
as an anticommutator: 
( )zzz PkPkkPHerm += 2
1);( .    (2.17) 
Note that we can distinguish a whole class of Hermitian forms (2.13), the use of which does 
not affect the spectrum of a single-electron problem with Hamiltonian (2.3) in the presence of 
any single-particle operator describing the external electric field. The envelope wave func-
tions will be different in this case. The most common type of the Hermitian forms (2.13) in 
the specified class of boundary conditions is given by the following expression: 
[ ])()()()(
2
1);( zfkzgzgkzfkPHerm zzz += ,   (2.18) 
where f(z) and g(z) are the arbitrary functions but far from the heterointerface 
Pzgzf =)()( . 
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The boundary conditions for the envelope wave function can be obtained by integrating the 
Schrödinger equation with Hamiltonian (2.3) within a small region in the neighborhood of the 
heterojunction. 
It is easy to show that the wave functions of the Hamiltonian (2.2) can be represented 
as follows: 
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where Lx and Ly are the sample size along the x and y axis, ),( yxr =  is a position vector in 
plane of the structure, Zn  is the electric subband index, 22|| yx kkk +=  is the wavevector in 
the structure plane, bai ,=  is the index numbering the Schrödinger equation solutions for 
fixed values of Zn  and ||k . In further treatment we will focus on quantum wells with single 
occupied electric subband, so, we will ignore index Zn  at the wave functions and matrix ele-
ments of different operators. 
Taking into consideration the form of wave function (2.19) we can rewrite the system 
(2.1) in the following form: 
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At zero temperature the Fermi wave vector Fk  is defined by the relation pi2
2
FS kn = , where 
Sn  is the concentration of 2D electrons, and the Fermi vectors in spin subbands )(aFk  and )(bFk  
corresponding to the unified Fermi level are determined from the set of equations: 
pipipi 442
2)(2)(2 b
F
a
FF kkk += , 
)()( )()()()( bFbaFa kEkE = ,    (2.21) 
where )( )()( aFa kE   )( )()( bFb kE  are the upper and lower spin branches of the energy-
momentum law in electric subband. 
To calculate the energy of localized states in the AlSb/InAs/AlSb QW we use the scat-
tering matrix method [111]. Numerical solution of the set of nonlinear equations (2.20-2.21) 
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was performed based on the iterative procedure. For the envelope wave functions zeroth-order 
approximation we picked the states in a rectangular quantum well. To solve the Poisson equa-
tion at the (m+1)-th iteration we used the wave functions found at the m-th iteration.The 
calculations of electron energy spectrum, performed in the Hartree approximation, will be 
used in Section 2.2 of present chapter to interpret the results on the experimental study of 
persistent photoconductivity in InAs/AlSb heterostructures with double quantum wells. 
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2.2. Persistent photoconductivity in InAs/AlSb heterostructures with double 
quantum wells. 
In this section the results on the experimental study of persistent photoconductivity in 
InAs/AlSb heterostructures with double quantum wells in the two samples with different 
widths of AlSb middle barrier are presented. The fabrication technique of InAs/AlSb 
heterostructures with double quantum wells is similar to the growth process of the 
heterostructures with single quantum well [26]. The samples under study were grown by mo-
lecular beam epitaxy (MBE) method on semi-insulating GaAs (001) by Yu. G. Sadofyev. 
Since the lattice constants in AlSb and InAs are much larger than in GaAs the samples were 
grown on the composite buffer (Fig. 2.2). The GaAs buffer layer with thickness of 300 nm, a 
100 nm thick AlAs layer at a temperature of 570 and the metamorphic buffer were grown 
on the substrate in consecutive order. The metamorphic buffer consisted of a thick (2.4 µm) 
GaSb layer grown at 510. A ten-period “smoothing” superlattice AlSb/GaSb 
(2.5nm/2.5nm) was grown over the GaSb buffer layer at 480-490oC. The active part of the 
structure consisted of a 15 nm thick AlSb lower barrier, the first InAs QW 15 wide, a 5-10 nm 
thick middle AlSb barrier, the second InAs QW 15 wide, a 35 nm thick AlSb upper barrier, 
and a GaSb (6 nm) cap layer that is normally grown to prevent AlSb getting into reaction with 
the water vapor in air. The InAs QW growth procedure involved a specially designed se-
quence of interruptions in the supply of materials (Al, Sb, In, As), which ensured formation of 
In-Sb bonds at all AlSb/InAs and InAs/AlSb heterointerfaces and, thus, a high mobility of the 
2D electrons (in contrast to the Al-As interfaces) [23]. 
 
 
Fig. 2.2. The growth scheme of the layers in InAs/AlSb heterostructures with 
double quantum wells. 
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Table 2.1. Parameters of the samples under study at T = 4.2 K 
Sample 1st QW ns10-11cm-2 2nd QW ns10-11cm-2 
Middle barrier 
width 
D003 5.8 2.1 5 nm 
D004 5.6 1.8 10 nm 
 
The block diagram of experimental setup for measuring the spectra of persistent 
photoconductivity (PPC) using a MDR-23 grating monochromator is shown in Fig. 2.3. A 
quartz incandescent lamp was used as the radiation source, and the higher-order diffraction 
peaks were cut off by standard filters. At the monochromator output, radiation with photon 
energy from 0.6 to 4 eV was coupled to an optical fiber and delivered to the sample holder 
within a helium cryostat. In the PPC study we used the rectangular samples of the Hall 
geometry with two strip indium ohmic contacts deposited at the edges. Direct current I = 1 	A 
was passed through the sample placed into a center of a superconducting solenoid. All meas-
urements were performed at temperature of 4.2 K. 
 
 
 
The photoconductivity spectra were recorded in two different modes. In the first mode 
the measurements were performed step by step starting from the long-wavelength part of the 
spectrum. The sample was illuminated with monochromatic radiation then after switching off 
the illumination, to restore the “equilibrium” value of the resistance, the exposure was 
 
Fig. 2.3. The block diagram of the setup for measuring the persistent photocon-
ductivity under exposure of the sample to light with different wavelengths. 
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performed (typically a few tens of seconds) and magnetotransport measurements were carried 
out. Then the monochromator was retuned to a shorter wavelength and the procedure 
repeated. We measured the steady-state longitudinal Rxx and Hall Rxy resistances during the 
magnetic field scanning; the values of resistances were recorded in the memory of the PC as 
the functions of the magnetic field. The total electron concentration in the sample was deter-
mined by the value of the Hall resistance, while the concentration of 2D electrons in each of 
QWs was determined from the Fourier analysis of the Shubnikov-de Haas oscillations. In the 
second mode the measurements were performed under continuous illumination with mono-
chromatic radiation with the wavelength slowly scanned starting from the short-wavelength 
part of the spectrum. The scanning pitch on the wavelength was 2 nm in the short-wavelength 
part and 20 nm in long-wavelength part of the spectrum. After each step the signal was 
averaged during time which in our measurements was typically 20 seconds. The typical time 
of a spectral recording was several hours. 
 
 
 
Figure 2.4 represents the PPC spectra in the InAs/AlSb heterostructures of the D003 
and D004 samples with double QWs. For comparison, Fig. 2.4 the PPC spectrum of the B824 
sample with a single QW [30, 56] is presented. The dark resistance values for the D003 and 
D004 samples are 125 and 263 
 respectively. In the long-wavelength part of the spectrum at 
energies above 0.6 eV, the positive PPC is observed (the resistance is lower that the dark 
 
Fig. 2.4. Spectra of persistent photoconductivity in InAs/AlSb heterostructures. 
Symbols and solid lines correspond to different procedures of the persistent photo-
conductivity determination in D003 and D004 samples with double quantum wells. 
The dashed line corresponds to the PPC spectrum in the B824 sample with a single 
InAs quantum well [30, 56]. 
 55 
one). A considerable increase in resistance is observed as energy of incident photons  in-
creases above 1.5 eV. Between 2 and 3.2 eV, clearly pronounced PPC is observed. At  > 
3.2 eV, we observed an abrupt drop in the sample resistance to a value somewhat exceeding 
the dark one, which is almost invariable versus the energies of incident photons above 3.5 eV. 
In the photon energy range from 1.6 to 2.1 eV the oscillations of the spectral dependences of 
the resistance are observed (see Fig. 2.4). Similar oscillations of the photoconductivity exist in 
many polar semiconductors and are associated with the relaxation of photoexcited electrons 
through the emission of longitudinal optical (LO) phonons [29, 56]. It is clearly seen that the 
main spectral features of PPC in the samples with double QWs and single QW [30, 56] coin-
cide. 
 
 
 
To study the carrier distribution between the QWs, we measured the Shubnikov–de 
Haas oscillations, a typical record of which is shown in Fig. 2.5. Since the period of 
Shubnikov-de Haas oscillations in the inverse magnetic field is related with the concentration 
of 2D carriers: 
S
S
nh
eg
B
11
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



∆ , 
where gS corresponds to the spin degeneracy order in zero magnetic field, the beatings of SdH 
oscillations indicate the presence of several types of 2D charge carriers with different 
concentration values. In the inset in Fig. 2.5 we represent the results of the Fourier analysis of 
 
Fig. 2.5. Typical measurements of Shubnikov-de Haas oscillations in non-
illuminated D003 sample. The 2D electron concentration nS in double quantum well 
determined using the Fourier analysis of the SdH oscillations is shown in the inset. 
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the Shubnikov-de Haas oscillations, where two clearly pronounced peaks corresponding to 
different concentration values of 2D electrons are observed. Since the main “suppliers” of 2D 
electrons in the QWs are the surface donors in the GaSb cap layer [57, 58] and there is a 
“built-in” electric field in the structure [29, 30], it is natural to associate the large value of the 
dark concentration with 2D electrons in the first QW, counting from the structure surface, and 
the lower value with the dark concentration in the second QW. 
 
 
 
Figure 2.6 illustrates the 2D electron concentrations in QWs in the D003 sample under 
the PPC conditions as a function of illumination wave-length. It is clear that the 2D electron 
concentration in the second QW is invariable within the accuracy of the measurement while 
the concentration of 2D electrons in the first QW at λ > 800 nm exceeds the “dark” concentra-
tion shown by a horizontal line (the positive PPC effect) and is lower than the dark one at λ < 
800 nm (the negative PPC effect). At λ ≤ 600 nm, the concentration in the first well drops so 
much that it becomes indistinguishable from the concentration in the second well. In this case, 
the period of oscillations increases, while Fourier analysis shows the presence of one spectral 
component corresponding to the concentration of the 2D electron gas of about 2×1011 cm-2. 
The Hall effect measurements demonstrated that the total 2D electron concentration in the 
system of two QWs exceeds the concentration determined from the period of the Shubnikov-
de Haas oscillations by a factor of 2. It indicates that under the conditions of negative PPC the 
 
Fig. 2.6. The measurements of 2D electron concentrations in the D003 sample upon 
varying the illumination wavelength. Symbols 1 and 2 correspond to the 2D electron 
concentration in the first QW and symbols 3 and 4 conform to the concentration in the 
second QW. Dashed lines indicate the “dark” values of concentrations. 
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concentrations of 2D electrons in the QW are equal within the measurement error. Similar re-
sults were also obtained for the D004 sample. 
 
 
 
Starting from the 2D concentrations experimentally determined in each QW in the 
D003 sample, we performed the self-consistent calculation of the double QW potential pro-
file. The calculation method has been described in details in Section 2.1. The presence of 
common Fermi level for the electrons in both QW at equilibrium allows us to calculate the 
self-consistent potential and the number of ionized donors on the right (in the lower barrier 
AlSb) and on the left (in the upper AlSb barrier and GaSb cap layer) of the quantum wells. It 
was assumed that the thin barrier between QWs contains no deep donors. In calculations of 
the electron spectrum in the InAs/AlSb heterostructures with double QWs, we used the band 
parameters values presented in [112]. For the “dark” concentration values the calculated QW 
profile is shown in Fig. 2.7. The calculation demonstrates that 19% of ionized donors 
(1.5×1011 cm-2) are arranged in the lower AlSb barrier and 81% of ionized donors 
(6.4×1011 cm-2) are arranged on the surface of the structure and in the upper barrier. 
At a sufficiently long illumination time a common quasi-Fermi level of 2D electrons 
in both QWs should be established. It allows one to perform a self-consistent calculation of 
the ionized donor concentrations on the left and on the right of the double QW in the PPC 
mode depending on the illumination wavelength (Fig 2.8).It is clear to see that at all wave-
lengths λ > 800 nm, which correspond to positive PPC (ω < 1.5 eV), a considerable increase 
 
Fig. 2.7. Results of the self-consistent calculation of the “dark” double QW pro-
file in the D003 sample. Solid lines in each QW correspond to the energy levels 
at the zero values of wave vectors in the structure plane. The dashed line indi-
cates Fermi level position in the system. 
 58 
in the concentration of ionized impurities on the left of the double QW (in the upper AlSb 
barrier and on the structure surface) is observed, while the concentration of ionized donors in 
the lower AlSb barrier decreases. The calculation of the ionized impurities concentration (Fig. 
2.8) demonstrates that the positive PPC observed in the long-wavelength range 
(0.6 < ω  < 1.5 eV), which was attributed to photoionization of any deep donors in [29], can 
be directly associated with oriented transfer of the negative charge from the cap GaSb layer. 
 
 
 
Indeed, since the effects of the positive and negative PPC are reversible (i. e. by se-
quentially illuminating the sample by visible and IR radiation we can reversibly vary the 2D 
electron concentration in the structure), then, both positive and negative PPC should be finally 
associated with recharge of the same deep centers. As it was shown in [29, 30, 56], the nega-
tive PPC is associated mainly with the charge transfer from the InAs QW to the charged sur-
face donors in the cap GaSb layer. Correspondingly, the positive PPC should be caused by the 
reverse process, i.e. by the electron transfer from neutral surface donors into the QW. In the 
region of photon energies ω < 0.8 eV (λ > 1500 nm), the neutral (lying below the Fermi 
level) surface donors in the GaSb cap layer can be ionized. At energies above 0.8 eV the 
band-to-band generation of electron-hole pairs proceeds in the GaSb layer and at photon ener-
 
Fig. 2.8. Calculation results of ionized donor concentrations on the illumination wave-
length determined from the self-consistent profile of a double QW. Symbols 1 correspond 
to the concentration of ionized donors on the left of the double QW. Symbols 2 corre-
spond to the concentration of ionized donors on the right of the double QW. Symbols 3 
and 4 correspond to experimentally determined values of 2D electron concentration in the 
first (symbols 3) and in the second (symbols 4) QW. 
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gies lower than 1.5 eV (λ > 800 nm) the generated light holes have an energy lower than the 
energy of the valence band offset at the GaSb/AlSb heterointerface [29]. 
Therefore, transfer of the electric charge from the surface under IR illumination in the 
conditions of positive PPC into the double QW has a “diffusive” character and is apparently 
performed via the impurity states in the band gap of the barrier AlSb layer. Since the electron 
effective mass is smaller than the hole effective mass, electrons will “diffuse” more rapidly. 
The holes providing an excess of positive charges in the cap layer under the band-to-band il-
lumination in GaSb will be captured by neutral surface donors in this case. Our numerical cal-
culations show that the characteristic scale of penetration of 2D electron wave functions into 
the InAs QW through the AlSb barrier is less than 2 nm, which indicates tunneling non-
transparency of the barrier between the QWs in our structures. The same “diffusive” charge 
transfer under IR illumination will take place from the second QW into the AlSb barrier ar-
ranged on the right of the double QW. As a result, the number of 2D electrons in the first QW 
closest to the surface and ionized donors in the cap layer increases. The presence of the sec-
ond QW in the system and the possibility to independently determine the electron concentra-
tions in each QW allowed us to establish that this process of the “diffusive” charge transfer 
from the surface into the structure depth under illumination passes through the double QW: 
although the number of 2D electrons in the second QW does not noticeably vary (with respect 
of the measurements accuracy), the concentration of ionized donors in the lower AlSb barrier, 
in agreement with the self-consistent calculations, decreases. 
In the photon energy range above 1.5 eV we observed a clearly pronounced negative 
PPC associated with band-to-band generation of electron-hole pairs with the subsequent sepa-
ration of the carriers by the “built-in” electric field, drag of holes to the double QW and their 
recombination with 2D electrons. The main features in the PPC spectra of the samples with 
double QWs (Fig. 2.4) in a wide range of photon energies coincide with spectral features of 
PPC for the samples with single QW, which were studied in [30, 56]. Since at energies above 
1.61 eV ( < 770 nm) the generation of electron-hole pairs through an indirect band gap of 
AlSb starts, the electron interchange between two QWs becomes possible via the over-barrier 
states, which leads to a gradual decrease in the difference between the concentrations of 2D 
electrons in QWs (Fig. 2.6). 
The PPC studies in nominally undoped InAs/AlSb heterostructures with double 
quantum wells and self-consistent calculations of ionized donor concentrations in the AlSb 
barriers and GaSb cap layer, presented in Section 2.2, demonstrate pronounced asymmetry of 
the “built-in” electric field in these heterostructures. Since the PPC mechanism in undoped 
InAs/AlSb heterostructures is identical for samples with double and single QWs [29, 30, 56], 
it suggests that the main “suppliers” of 2D electrons in the heterostructures with single 
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quantum wells are also precisely associated with the surface donors in GaSb cap layer. As it 
was demonstrated in [56] by A. V Ikonnikov, the negative PPC in the samples with single 
quantum wells is caused, generally, by the capture of photoexcited electrons by the surface 
donors in the GaSb cap layer. In this thesis we also have demonstrated a pronounced 
asymmetry of the “built-in” electric field but in the case of positive PPC, and the magnitude 
of the “built-in” field increases with the 2D electron concentration in the system (Fig. 2.8). 
In such a way the results, obtained in Section 2.2 of the thesis and in [56], 
complement each other and demonstrate the principal possibility to control the magnitude of 
the “built-in” electric field in InAs/AlSb QW heterostructures with the help of the light with 
varying wavelengths. It opens up additional possibilities for practical applications of “single-
particle” spin-dependent effects in spintronic devices. The spin splitting study of the 2D 
electron energy spectrum in zero magnetic fields, associated with the asymmetrical “built-in” 
electric field in InAs/AlSb QW heterostructures, is presented in Section 2.3. 
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2.3. The “built-in” electric field effects and exchange interaction in 
InAs/AlSb heterostructures with single quantum wells. 
As noted in Introduction, most of “single-particle” spin-dependent phenomena are 
caused by the spin splitting of energy spectrum of 2D charge carriers in the absence of a 
magnetic field. In semiconductor quantum wells this splitting of the energy-momentum law 
near the conduction-band bottom in 2D systems is linear in the quasimomentum. In order that 
two spin states of the particle with the same quasimomentum k in the structure plane have 
different energies in zero magnetic fields, it is necessary to have a system without a center of 
inversion. In Chapter 1 we considered three reasons related to the SIA, BIA and IIA for the 
absence of spatial inversion center in 2D system. 
This section contains the results of theoretical studies of the influence of electron-
electron interaction on the energy spectrum of 2D electrons in zero magnetic field in 
InAs/AlSb QW heterostructures with single occupied electric subband (for InAs QW 15 nm 
width the second subband starts to be occupied at the electron concentration above 
1.5·· 1012 cm-2). The goal of the study is to calculate the spin splitting of the 2D electron energy 
spectrum and intersubband gap in the AlSb/InAs/AlSb QW in the entire region of 2D electron 
concentrations where only the low-lying electric subband is occupied. As experimentally 
demonstrated in [28], the SIA contribution to the spin splitting in InAs/AlSb QW 
heterostructures with a concentration of 2D electrons in 1011-1012 cm-2 is dominant, therefore 
it allows one to neglect the contributions caused by BIA and IIA in the spin splitting in energy 
spectrum calculations. The electron-electron interaction was taken into account in the 
“screened” Hartree-Fock approximation. Calculations of the static dielectric function describ-
ing the screening effect were performed within the Thomas-Fermi long-wave approximation. 
In the Hartree-Fock approximation apart from the local part of electron-electron inter-
action eϕe-e and “built-in” electric field EDonors(z)·z, term that describes exchange interaction 
between electrons is taken into account: 
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where )',,'( zzrrV  −  is the Coulomb Green function that describes the interaction between 
two point charges located at the points ),( zr  and )','( zr , 'rr  −  is the spacing between the 
point charges in the plane of heterostructure. The use of Fourier transform for the Coulomb 
Green function, 
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To figure out the Fourier transform of the Coulomb Green function )',,(~ zzqD  taken 
into account the electrostatic image forces in the AlSb/InAs/AlSb QW we have solved the 
problem of the electron motion in a layered system [27]. Let us consider a layered system 
which consists of two semi-infinite media with the permittivity ε1 in the regions z < 0 and 
z > d (corresponding to the AlSb barriers), separated by an InAs layer of thickness d with the 
permittivity ε2 at 0  z  d. The Coulomb Green function describing interaction between the 
charges at points z  and 'z  is determined by the following equation: 
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Using the conditions of continuity of the electrostatic potential and the normal component of 
the electrostatic induction vector at infinitely thin interfaces of two media, we can represent 
the function )',,(~ zzqD  in the form: 
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The upper sign “+” in (2.27) corresponds to the symmetric (“S”) and the lower sign “-” to the 
asymmetric (“A”) modes [27]. In the AlSb/InAs/AlSb quantum well the expressions for a1(z), 
a3(z), aA(z), aS(z) take the form: 
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To include the contribution of the screening effect in the 2D electron gas into the energy of 
exchange interaction, we have to make a change in formula (2.24) as 
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where )(~ qε  is the  static dielectric function of the 2D electron gas. It can be shown that di-
electric function of 2D electron gas, described by 8-band k·p Hamiltonian, has the following 
form:  
)()'(
)'()(
),(
,
),(
,
',
2
||
2
||||
||||
||||||||
)','(~),(~)2(),,(
~1)(~ i
k
i
qk
i
qk
i
kii
kqk
ii
qkk
ii EE
ff
zzLzzL
kd
zzqDzddzq




−
−
′′+=
+
+′
+
′
+
∞+
∞−
∞+
∞−
 pi
ε , (2.34) 
where )(
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kf   is equilibrium Fermi-Dirac function for 2D electron with energy )(||
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Here µ  is the chemical potential. At zero temperature in the long-wavelength Thomas-Fermi 
approximation Eq. (2.34) turns into 
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where )()( Fi ED  is the density of states at the Fermi level in spin subband labeled by index i . 
Taking into consideration (2.24)-(2.35) the 2D electron energy )(~ ||)( kE i  has the following 
form:  
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where )( ||)( kE i  is the energy of 2D electron within the Hartree approximation (2.20)-(2.21). 
In calculating the energy spectrum of 2D electron states in InAs/AlSb QW heterostruc-
tures we consider only the surface donors in the GaSb cap layer as possible “suppliers” of 2D 
electrons to the QW that leads to a maximum asymmetry of the “built-in” electric field. To 
determine the exchange corrections to the energy of 2D electrons in the AlSb/InAs/AlSb QW, 
we used the results of numerical solution of set of nonlinear equations (2.20). For the enve-
lope single-particle wave functions used to calculate the exchange energy, we chose single-
particle wave functions obtained in the Hartree approximation. 
 
 
 
Figure 2.9 presents the results of numerical calculations of the 2D electron energy 
spectrum in InAs/AlSb QW heterostructure taking into consideration the electron–electron 
interaction within the Hartree and Hartree-Fock approximation. Zero energy corresponds to 
the conduction-band bottom in the absence of exchange interaction, taking no into account the 
size-quantization energy. As it clear that in the presence of asymmetric electric field the spin 
degeneracy in the energy spectrum in the AlSb/InAs/AlSb QW is removed. In addition, the 
exchange interaction decreases the electron energy in the electric subbands. 
 
 
Fig. 2.9. The electron energy in two low-lying electric subbands as a function of 
squared quasimomentum, calculated in the Hartree-Fock (solid lines) and Hartree ap-
proximation (dashed lines) in 15 nm wide InAs/AlSb QW heterostructure with 2D elec-
tron concentration of 1.5·· 1012 cm-2. 
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The results of numerical calculation of the energy distance between the Fermi level 
and the second electric subband for various 2D electron concentration values in the 
InAs/AlSb QW heterostructures are presented in Fig. 2.10. It can be seen that increasing the 
concentration of 2D electron leads to decreasing the intersubband gap at the Fermi level but 
the difference in the energy gaps for different spin subbands increases. The Coulomb interac-
tion, taken into account in the Hartree-Fock approximation, yields an increase in the energy 
gap between the subbands with the respect to the values obtained in the Hartree approxima-
tion. 
The Rashba spin splitting induced by SIA in the n-th electric subband with a non-
parabolic energy-momentum law is defined as 
)()()( ||)(||)( kEkEk abn −=∆ ,     (2.37) 
where index “a” corresponds to the low-lying spin subband and index “b” conforms to the 
upper-lying spin subband. Figure 2.11 demonstrates the results of numerical calculation of the 
Rashba spin splitting in two electric subbands in the InAs/AlSb QW heterostructure obtained 
in the Hartree approximation. Due to nonparabolicity of the conduction band the magnitudes 
of spin splitting of energy spectrum in two electric subbands at given 2D electron concentra-
tion are different and the Rashba splitting is linear in quasimomentum near the electric sub-
 
Fig. 2.10. The energy gap for different “spin” orientation at the Fermi wavevector 
between two low-lying electric subbands as a function of the 2D electron concen-
tration, calculated in the Hartree-Fock (solid lines) and Hartree approximation 
(dashed lines) in 15 nm wide InAs/AlSb QW heterostructure. 
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band bottom only, where the energy-momentum law can be assumed to be parabolic3. The 
inset in Fig. 2.11 shows the spin splitting in the subbands at small quasimomentum values, 
obtained in the Hartree (solid lines) and Hartree-Fock approximation (dashed lines) in com-
parison. Because of the splitting, the electron concentration in different spin subbands 
pi42)(aFk  and pi4
2)(b
Fk is different. As it follows from the Pauli Exclusion Principle, the elec-
trons in the same spin subband are influenced by Coulomb interaction more efficiently. 
Therefore, the exchange corrections to the electron energies with different spin indices in all 
electric subbands are different (because of the above-mentioned difference in the number of 
electrons). It leads to the additional increase in the splitting due to exchange interaction. 
 
 
 
To characterize the spin splitting in non-parabolic electric subbands by analogy with 
parabolic energy-momentum law 
akmkk CI ±=± 2)( 22ε , 
we introduce the Rashba splitting “constant” in the n-th electric subband: 
kkk nn 2)()( ∆=α .     (2.38) 
                                                 
3
 The contribution of the terms SIAH1  and 
SIAH 2  (2.15), nondiagonal in spin, to the splitting 
near the electric subband bottom is linear in the quasimomentum. 
 
Fig. 2.11. Spin splitting in electric subbands as a function of quasimomentum in 15 nm 
wide InAs/AlSb QW heterostructures at 2D electron concentration of 1.5·· 1012 cm-2, 
calculated in the Hartree approximation. Inset shows the spin splitting in two subbands 
at small quasimomentum values, calculated in the Hartree-Fock (dashed lines) and 
Hartree approximation (solid lines). 
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Figure 2.12 illustrates the calculation results of spin splitting constant (2.38) within the 
Hartree approximation in two electric subbands in InAs/AlSb QW heterostructures as a func-
tion of the 2D electron concentration. The red and green lines refer to the concentration de-
pendences of the spin splitting constant at the electric subband bottoms and the black line cor-
responds to the concentration dependence of the Rashba constant at the Fermi wave vector. 
As can be seen from Fig. 2.12, the Rashba splitting constant at the Fermi wave vector depends 
on the 2D electron concentration nonlinearly, which is a consequence of not only the conduc-
tion band nonparabolicity but also of the nonuniform electric field in the QW as well (the 
term eee −ϕ  in (2.20)). It should be noted that the field in the QW is nonuniform because of 
electron-electron interaction. Since SDonors nE ∝  in the model under consideration, the nonlin-
ear dependence of the spin splitting constant at the Fermi wave vector on the 2D electron con-
centration points at the nonlinear dependence of the constant on the electric field of ionized 
donors in the GaSb cap layer. The energy-momentum law in the vicinity of electric subband 
bottom can be thought to be a parabolic and the dependence of the Rashba splitting constant 
on the 2D electron concentration (and on the electric field of ionized donors) is linear. Our 
numerical calculations demonstrate that the difference between the Rashba constants calcu-
lated in the Hartree and Hartree–Fock approximation at quasimomentum values and 2D elec-
 
Fig. 2.12. The Rashba splitting constant in the Hartree approximation versus 2D 
electron concentration at different quasimomentum values in InAs/AlSb QW het-
erostructures 15 nm wide. 
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tron concentrations is less than 2%. Therefore, the effect of exchange interaction on the 
Rashba splitting constant in the InAs/AlSb QW heterostructures can be neglected. 
As it noted in Chapter 1, the spin splitting of electronic states under certain conditions 
may appear in the beating of the Shubnikov-de Haas oscillations. In [48], in a 15 nm wide 
AlSb/InAs/AlSb QWs with single occupied electric subband at T = 1.3 K, beatings of SdH 
oscillations were observed. The 2D electron concentration in the QW was changed by varying 
the voltage at the gate. As determined from the difference between the electron concentrations 
in two spin subbands at zero gate voltage (ns = 1.2×1012 cm-2), the spin splitting at the Fermi 
wave vector (kF) was 3.2 meV (the samples A and B) that corresponded to the Rashba spin 
splitting constant 5.83×10-9 eV.cm. The splitting constant at the same concentration value, ob-
tained in the Hartree-Fock approximation, is 5.06×10-9 eV cm. The small difference (15%) 
between the experimental and theoretical values may arise from the fact that in the determina-
tion of (kF) the authors in [48] did not take into account the nonparabolicity of electric sub-
band in the AlSb/InAs/AlSb QW. 
It should be noted that in the paper [48] for one of the samples (sample C) the authors 
report splitting (kF) one-half of the above-mentioned samples A and B. In addition, the spin 
splitting constant 	(kF) for samples A and B, determined in [48], is found to be practically in-
dependent on the 2D electron concentration, whereas the results, obtained here, predict a sub-
linear behavior of 	(kF) with increasing ns (Fig. 2.12). We believe that these discrepancies can 
be attributed to the fact that the “built-in” electric field in the InAs/AlSb heterostructures is 
controlled to a large extent by the surface state of the GaSb cap layer and this state can be un-
controllably changed by depositing the gate. In the absence a gate, the surface donors are the 
main “suppliers” of 2D electrons into the InAs QW (to the concentrations up to (5-
8)×1011 cm-2) in nominally undoped high-quality heterostructures. In less pure structures with 
a gate as in [48] a significant contribution to the 2D electron concentration may come from 
deep donor centers in the low-lying and upper AlSb barriers. In such heterostructures the gate 
voltage changing, which does not yield considerable changes in 2D electron concentration, 
can radically modify the ratio of ionized donor centers in the upper and low-lying AlSb 
barriers that leads to changes in spatial structure of the “built-in” electric field and, hence, the 
dependence of the spin splitting constant on 2D electron concentration which is different from 
Fig. 2.12. 
Experimental study of beatings of the Shubnikov-de Haas oscillations in InAs/AlSb 
QW heterostructures with single QWs were performed on the sample B824 [30, 56] with 2D 
electron concentration of 9.5·1011 cm-2 and mobility value of 4.4·105 cm2V-1c-1 at T = 4.2 K. 
Figure 2.13 presents the results of SdH oscillations measurements at T = 0.2 K, obtained at 
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Laboratoire National des Champs Magnétiques Intenses in Toulouse (LNCMI-T). As it clear 
from the inset to Fig. 2.13, there are no pronounced beatings of the magnetoresistance 
oscillations in the sample B824. 
 
 
 
 
 
Fig. 2.14. (a)-(b) Magnetoresistance simulation ρxx and results of Fourier analysis of 
model dependencies ρxx at different values of Landau level widths in spin subbands 
+ = – = 1.6 meV (upper graph) and + = 1.6 meV, – = 1.4 meV (lower graph). (c) 
Results of Fourier analysis of ρxx at + = 1.4 meV and – = 1.6 meV [113]. 
 
Fig. 2.13. Shubnikov-de Haas oscillations in the sample B824, measured at T = 0.2 K. 
The inset demonstrates the SdH oscillations in weak magnetic fields. 
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The absence of beatings in Fig. 2.13 can be attributed to the fact that spin-orbit 
interaction affects not only the splitting of energy spectrum but also the 2D electron scattering 
by random potential of charge impurities which leads to different Landau level broadening in 
the spin subbands. The simulation of Shubnikov-de Haas oscillations, performed in [113], 
demonstrates that difference in the Landau level widths in spin subbands leads to 
disappearance of the pronounced beatings of magnetoresistance oscillations (Fig. 2.14). The 
"residual" modulation of SdH oscillations, observed in weak magnetic fields (inset to 
Fig. 2.13), indicates the formation of spin-dependent broadening of the Landau levels in the 
sample B824. We note that the difference in the Landau level widths in spin subbands is 
determined not only by the spin-orbit interaction but the correlation length of random 
potential as well4. 
 
 
 
The results of Fourier analysis of Shubnikov-de Haas oscillations in weak magnetic 
fields (less than 0.75 T) in a sample of B824, presented in Fig. 2.15, show two peaks, 
corresponding to the electron concentrations in spin subbands. Using the self-consistent 
calculation of the cyclotron mass at the Fermi level, which are in good agreement with 
experimental data on cyclotron resonance study in weak magnetic fields (see Chapter 5), and 
the 2D electron concentrations in spin subbands, we determined the Rashba splitting constant 
at the Fermi wave vector. At total concentration of 2D electron gas of 7.67·1011 cm-2, which 
                                                 
4
 Using the self-consistent Born approximation (SCBA) [114], it can be shown that 2D 
electron scattering by the δ-correlated random potential leads to the same Landau level 
broadening in different spin subbands even in the presence of Rashba spin splitting. 
 
Fig. 2.15. Fourier analysis of Shubnikov-de Haas oscillations in weak magnetic 
fields (less than 0.75 T) in the sample B824. 
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corresponds to the cyclotron mass of 0.0349m0, the Rashba constant 	(kF) was found to be 
3.70×10-9 eV.cm. The theoretical value of 	(kF) at given concentration is 3.84×10-9 eV.cm. 
Thus, there is good agreement between experimental and theoretical values of 	(kF). 
The small difference is attributed to the fact that in calculating the energy spectrum of 
2D electron states in InAs/AlSb QW heterostructures we consider only the surface donors in 
the GaSb cap layer as possible “suppliers” of 2D electrons to the QW. It leads to a maximum 
asymmetry of the “built-in” electric field and to the maximum possible values of the Rashba 
splitting constant. The PPC study, presented in Section 2.2, demonstrates that in real 
InAs/AlSb QW heterostructures the deep donor in AlSb barriers provide a small contribution 
to the 2D electron concentration, resulting in a slight decrease in the asymmetry of the “built-
in” electric field and a decrease in the Rashba splitting constant. 
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Chapter 3. Exchange interaction effects in magnetotransport ex-
periments in InAs/AlSb QW heterostructures with 2D electron 
gas. 
3.1. Hartree-Fock approximation in the presence of magnetic field in nar-
row-gap QW heterostructures. 
As it is noted in the Chapter 1 of this thesis, the most part of the collective 
“magnetotransport” spin-related phenomena in 2D semiconductor systems are defined by the 
ground state of the 2D electron gas which is the quasiparticle spectrum in magnetic field re-
normalized by Coulomb interaction. In order to understand the wide range of 
"magnetotransport” phenomena, observed in 2D systems, one needs to know the energy 
spectrum structure of charge carriers and the density of states (DOS) taking into account the 
random potential inherent to the actual structures as well as the role of electron-electron 
interaction in these phenomena. In the majority of narrow-gap QW heterostructures the elec-
tric subbands are characterized by a pronounced nonparabolicity of the energy-momentum 
law, therefore, to quantitatively describe the electron-electron interaction effect on the 
quasiparticle spectrum, DOS and quasiparticle g-factor in such QW heterostructures one has 
to take into consideration the real structure of electric subbands. 
In this Chapter we present the results of theoretical study of the electron-electron 
interaction effect on quasiparticle spectrum, DOS at the Fermi level and quasiparticle g-factor 
in narrow-gap InAs/AlSb (001) QW heterostructures depending on the Landau levels width. 
To give a general description of the energy states spectrum, we used 8-band k·p Hamiltonian 
for the envelope wave functions as a single-particle operator of the kinetic energy. The elec-
tron-electron interaction was taken into account in the “screened” Hartree-Fock approxima-
tion. Calculations of the dielectric function describing the screening effect were performed 
within the Thomas-Fermi long-wave approximation. To take into account the Landau levels 
broadening under the influence of a random potential caused by defects in actual structures, 
we used a Gaussian profile for the density of states of each Landau level [115, 116]: 






Γ
−
Γ
= 2
2
2 2exp2
2
2
1)( E
a
ED
B pipi
,    (3.1) 
where aB is the magnetic length (aB2 =c/eB),  is the width of the density of state. By anal-
ogy with the Born approximation for the δ-correlated random potential [114] we assume that 
the width of the density of states D(E) does not depend on the Landau level index and can be 
defined as 
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0
0 B
BΓ=Γ ,      (3.2) 
where B0 is the magnetic field at which the Shubnikov-de Haas oscillations show up and 0 is 
a free parameter. The formalism proposed in this subsection can be used for the description of 
the g-factor exchange enhancement in a 2DEG in heterostructures grown from any materials 
in which the bulk band structure is fairly well described by the 8-band k·p Hamiltonian. 
To estimate the influence of the exchange interaction on quasiparticle spectrum in 
AlSb/InAs/AlSb QW, we first have to calculate the energy spectrum and wave functions of 
2D electrons in the absence of exchange interaction that is the Hartree approximation. Within 
the Hartree approximation the 8-band k·p Hamiltonian (2.3), besides the terms kH   and εH , 
includes the term ZH , which describes the Zeeman splitting in the presence of magnetic 
field: 
 
Zk
pk HHHH ++=⋅× ε

88 ,     (3.3) 
To calculate the energy levels in the magnetic field, it is convenient to introduce the 
ladder operators b+ and b: 
 
+
+
=+= kaikkab ByxB 2
)(
2
, 
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)(
2
, 
1=− ++ bbbb .     (3.4) 
 
In formulae (3.4) 
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ik z ∂
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where A is the magnetic vector potential. The Zeeman term ZH  in Hamiltonian (3.3) in the 
loch function basis, presented in Chapter 2, is the following matrix: 
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where, in accordance with (2.8)-(2.10), the parameter κ  is equal to –2/3. In Landau level cal-
culations the parameter *g  is generally assumed equal to 2 [105]. However, to ensure that our 
model involving the 8-band k·p Hamiltonian gives an adequate description of spin splitting at 
the conduction-band bottom in bulk materials, we set 
 
∆+
∆
+=
23
20*
gC
C Em
m
gg ,     (3.7) 
where Cg  is the measured conduction band g-factor. We arrive at Eq. (3.7) by considering the 
electron states in bulk semiconductor in the neighborhood of CE  and taking into account the 
valence bands included in the Hamiltonian Zk HH +  under the perturbation theory (by anal-
ogy with (2.14)-(2.16)). If we take the interband momentum matrix element in the form (2.7) 
and use (3.7) for *g , we then can describe the electron spectrum at the conduction band bot-
tom by the 2×2 Hamiltonian as 
 
( ) Bgbbbb
amm
kH B
BCC
z
 µ2
1
22 2
222
22 ±++= ++×  , 
where Bµ  is the Bohr magneton. 
By taking Landau gauge for the vector B in the form A= (0, Bx, 0), we get the wave 
functions of Hamiltonian (3.3) in the form: 
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where L  is the sample size along the y axis , nH  are the Hermitian polynomials with number 
n (n is also the Landau level index), Zn  is the electric subband index, k  is the wavevector 
projection onto the y axis, bai ,=  is the index numbering the Schrödinger equation solutions 
for fixed values of Zn , n , k. In further treatment, as in Chapter 2, we will focus on quantum 
wells with single occupied electric subband, so, we will ignore index Zn  at the wave func-
tions and matrix elements of different operators. Since 
knnknb ,1, −= , 
knnknb ,11, ++=+ ,     (3.9) 
(i. e. the eigenvalues of Hamiltonian )1( eH  do not depend on the wavevector projection k), 
then, taking into consideration the form of wave function )(
,
i
knΨ  (3.8) and the density of states 
at the Landau level (2.1) we can rewrite the set of Hartree equations in the following form: 
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where nS is the 2D electron concentration in QW and the total density of states is defined by 
 −=Σ
in
i
nEEDED
,
)( )()(     (3.11) 
where the Fermi energy FE  is determined from the normalization condition 
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We note that )(inν  in formulae (3.10) is the filling factor of the Landau level with number n 
and “spin” i. The filling factor for all of the Landau levels in the 2D system is. 
=
in
i
n
,
)(νν . 
To calculate the Landau levels and 2D electron wave functions in AlSb/InAs/AlSb QW, we 
used the scattering matrix method [111] as in Chapter 2. Numerical solution of the set of 
nonlinear equations (3.10)-(3.12) was performed, based on the iterative procedure. For the 
envelope wave functions zeroth-order approximation we picked the states in a rectangular 
quantum well (Fig. 3.1). 
 
 
 
The general expression for the exchange correction to the Landau level energy, calcu-
lated using the wave functions )(
,
i
knΨ , obtained in the Hartree approximation, has the following 
form: 
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Fig. 3.1. Landau levels of electrons in AlSb/InAs/AlSb rectangular quantum well 15 
nm wide without electric field. Energy is counted from the conduction band bottom in 
unstrained bulk InAs. 
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Using the Fourier transform (2.23) for the Coulomb Green function, we can reduce the prob-
lem of calculating the matrix elements of the Coulomb potential via the wave functions of the 
8-band k·p Hamiltonian to calculations of matrix elements rqie

: 
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Here )(xLmn  are the associated Laguerre polynomials, 22 yx qqq += . In formula (3.13) we as-
sume that n1>n2, so, if n2>n1, it is necessary to exchange their positions. Taking into account 
the wave functions form )(
,
i
knΨ  (3.8), an expression for the exchange corrections to the Landau 
level energy takes the following form: 
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The expression for )(
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
 in (3.15) has the following form:  
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Since Fourier transform of the Coulomb Green function )',,(~ zzqD  in QW does not depend 
on the vector q direction, the transformation to the polar coordinate system, 
where ϕcos⋅= qqx  and ϕsinqq y = , and representation (3.15) as 
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are allowed to calculate the integral over the angle ϕ  in (3.14) in analytical form. It leads to 
the following expression: 
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Substitution of the summing over the wavevector projection k and introduction of the density 
of states at the Landau level as in (3.1) yields an expression for the exchange correction to the 
energy of the quasiparticle Landau level in the following form: 
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As it is noted in Chapter 2, in order to include the contribution of the screening effect in the 
2D electron gas into the exchange corrections (3.18), we have to make a change as 
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where )(~ qε  is the static dielectric function of the 2D electron gas. It can be shown that the 
static dielectric function of the 2D electron gas in the random phase approximation (RPA) 
taking into account the scattering by the δ-correlated random potential of charge impurities in 
the self-consistent Born approximation (SCBA) [114] has the form: 
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where )()( EG in  is the single-particle Green function averaged over all possible configurations 
of scatters. Since in the long-wave limit (q0), corresponds to the Tomas-Fermi approxima-
tion, 
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the dielectric function of the 2D electron gas is expressed as 
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We note that at zero temperature in SCBA (see [117]) 
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where )()( Fin ED is the density of states of the (n, i) Landau level at the Fermi energy. Thus, 
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The expression for the dielectric function (3.22) includes the “semi-elliptic” density of states 
obtained within the SCBA [9, 114] but often in the calculations, where the Landau level 
broadening is taken into account, the elliptical profile of DOS is replaced by expression (3.1). 
In agreement with (3.10)-(3.12) and (3.18), the energy of the quasiparticle Landau 
level )(~ inE  takes the form: 
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where )(inE  is the Landau level energy in the Hartree approximation (3.10)-(3.12). It should be 
noted that although the conduction band g-factor in bulk InAs and in the InAs/AlSb QW het-
erostructures is negative, we will regard the g-factor in its absolute value. So, the effective g-
factor *g  describing the spin splitting at the Fermi energy between the Landau levels (nF-1, b) 
and (nF, a) in the quasiparticle spectrum can be defined as:  
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where the “single-electron” g-factor calculated within the Hartree approximation is : 
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In the model used here the electron-electron interaction is non-dissipative to the first 
order of perturbation theory5. Therefore, the DOS form and the Landau level width of 
quasiparticles are the same as in the absence of electron-electron interaction, i.e. defined by 
(3.1) and (3.2). Taking into consideration this fact, the quasiparticle DOS )(~ EDΣ  can be writ-
ten as: 
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5
 The exchange correction has only a real part, the imaginary part being equal to zero. 
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The Fermi energy FE
~
 renormalized by the Coulomb interaction and filling factors of qua-
siparticle Landau levels )(~ inν  is defined from the following equations: 
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It is worth to make a remark concerning our model, used to describe the exchange 
interaction effect on quasiparticle spectrum under magnetic field taking into account the 
Landau levels broadening due to disorder. As demonstrated above, we have used the Landau 
levels broadening to calculate the filling factor of each Landau level and to estimate the 
2DEG dielectric function. However, the calculation of exchange corrections to the 
quasiparticle spectrum is based on the eigenfunctions of the 8-band k·p Hamiltonian in the 
absence of disorder. In terms of diagrammatic representation we ignore the renormalization of 
the interaction vertex part by the random potential of impurity centers in the “exchange” 
diagram for the self-energy [118-121]. In such a way we neglect all localization effects in 2D 
system related to the electron-electron interaction and disorder. However, if one is not 
interested in the localization effects, the results obtained in this approximation are in good 
agreement with numerous magnetotransport experiments and it is actively used to interpret 
the experimental data in 2D system with parabolic energy-momentum law. 
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3.2. Quasiparticle spectrum in InAs/AlSb heterostructures with single 
quantum wells. 
This Section presents the results of theoretical study of the exchange interaction effect 
on quasiparticle spectrum and density of states at the Fermi level in narrow-gap InAs/AlSb 
QW heterostructures depending on the Landau levels width at zero temperature. Calculations 
of quasiparticle spectrum and DOS in InAs/AlSb QW heterostructures were performed as-
suming that numbers of donors on the left and on the right of QW are the same, resulting in 
symmetrical “built-in” electric field. It was done deliberately to separate the effects associated 
with the exchange interaction and Rashba spin splitting. As it is demonstrated by the 
magnetotransport studies at T = 0.2 K in InAs/AlSb QW heterostructures (Fig. 2.13), the 
Shubnikov-de Haas oscillations show up in magnetic fields above 0.45 T, so in our 
calculations the parameter B0 was assumed to be 0.5 T. The 0 parameter was estimated from 
the analysis of characteristic mobility values, taking into consideration (3.2) for the Landau 
levels width, in the samples available in our working group in IPM RAS [16, 18, 21, 30, 32, 
56]. As it was concluded, the 0 parameter can change between 0.2 and 1.0 meV. The first 
value corresponds to the samples with the highest values of the electron mobility; the second 
one conforms to the samples with low mobility of the 2DEG. 
Figures 3.2-3.3 illustrate the results of quasiparticle Landau levels calculations in the 
Hartree and Hartree-Fock approximation for a 15 nm wide AlSb/InAs/AlSb QW at zero tem-
perature and different values of Landau levels width. Let us start to analyze the quasiparticle 
spectrum in the Hartree approximation. It is clear from Fig. 3.1 and Fig. 3.2 (a, c), that at a 
fixed magnetic field the Landau levels in the AlSb/InAs/AlSb QW “get closer” at high en-
ergy, this effect being the result of the subband nonparabolicity. The step-like shifts of the 
Fermi level, arising at integer values of the Landau levels filling factor, are associated with 
the increasing degeneracy order of the Landau levels. The values of such shifts depend on the 
DOS width at the Landau levels. The step-like shifts of the Fermi level at odd filling factor 
values arise in the case of small DOS overlapping at spin-split Landau levels only (Fig. 
3.2 (a)). The increase of the Landau levels broadening leads to the large DOS overlapping at 
the adjacent spin-split levels and to the smearing of the Fermi level shifts in quasiparticle 
spectrum at odd filling factors. 
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Fig. 3.2. Landau levels of quasiparticles in the Hartree (a, c) and Hartree-Fock (b, d) ap-
proximation in a 15 nm wide AlSb/InAs/AlSb QW with a 2D electron gas concentration of 
8.16·1011 cm-2 and 0 = 0.2 meV (a, b), 0 = 0.5 meV (c, d). The heavy curves on the (a, c) 
and (b, d) graphs correspond to the Fermi level position in the energy spectrum. 
 
Fig. 3.3. Landau levels of quasiparticles in the Hartree (a) and Hartree-Fock (b) ap-
proximation in a 15 nm wide AlSb/InAs/AlSb QW with a 2D electron gas concentration 
of 8.16·1011 cm-2 and 0 = 1.0 meV. The heavy curves on the graphs correspond to the 
Fermi level position in the energy spectrum. 
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The exchange interaction in 2D electron gas leads to a decreasing of the Landau levels 
energy as well as to a distortion of the monotonic Landau levels dependence on the magnetic 
field and to the appearance of the peak features in quasiparticle spectrum at integer filling 
factors. The origin of the peak features in quasiparticle spectrum is associated with the 
screening of the Coulomb interaction in 2D electron gas. The dielectric function of 2D 
electron gas (3.19) depends on the Landau level DOS at the Fermi energy. The densities of 
states at the adjacent spin-split levels practically do not overlap in the case of small Landau 
levels width (see Fig. 3.2 (b)), so the dielectric function (3.19) becomes close to unity in the 
vicinity of integer filling factors. As a result, the exchange corrections are determined by the 
unscreened Coulomb potential, and the energy of quasiparticle Landau levels at given 
magnetic field takes a minimum value. The increase of the Landau levels broadening gives 
rise to the DOS overlapping at the adjacent spin-split levels and the dielectric function of 2D 
electron gas at odd filling factor values increases as well. As a result, the peak features in 
quasiparticle spectrum at odd filling factors are washed-out (see Fig. 3.2 (d)) and disappear 
altogether (see Fig. 3.3 (b)) in the case of the large DOS overlapping at the spin-split Landau 
levels. 
 
 
 
In Fig. 3.4 and 3.5 we present the calculation of the density of states at the Fermi en-
ergy as a function of magnetic field in a 15 nm wide AlSb/InAs/AlSb quantum well at zero 
temperature; the calculations have been performed for different values of the Landau levels 
width. The black heavy curves correspond to the DOS at the Fermi energy )( FEDΣ  obtained 
in the Hartree approximation while the red heavy curves represents the DOS at the Fermi en-
ergy )~(~ FEDΣ  in the Hartree-Fock approximation. The black and red dotted curves correspond 
 
Fig. 3.4. Density of states at the Fermi energy in InAs/AlSb heterostructures with a 15 nm 
wide QW with 2D electron concentration of 8.16·1011 cm-2 and 0 = 0.2 meV (a), 0 = 0.5 
meV (b). The arrows indicate the magnetic field magnitude corresponding to the integer 
Landau levels filling factors. 
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to the DOS of (nF-1,b) and (nF,a) Landau levels at the Fermi energy obtained in the Hartree 
and Hartree-Fock approximation respectively. One can see from Fig. 3.4 (a), that the densities 
of states at the Fermi energy, calculated in the Hartree and Hartree-Fock approximation (black 
and red curves), are identical in the absence of the Landau levels overlapping. The fact that 
the value 0 = 0.2 meV corresponds exactly to the non-overlapping Landau levels, is 
supported not only by the appearance of the peak features in quasiparticle spectrum (see 
Fig. 3.2 (b)) throughout the magnetic field range, but also by the DOS vanishing at the Fermi 
level (Fig. 3.4 (a)) at integer values of Landau levels filling factors. 
 
 
 
The figures 3.4 (b) and 3.5 demonstrate that, in the presence of the spin-split Landau 
levels overlapping, the exchange interaction leads to the DOS decreasing at odd filling 
factors, and its splitting into two peaks corresponding to the different Landau levels 
contribution. Each maximum of the DOS is achieved in a magnetic field, in which the 
relevant Landau level crosses the Fermi level. The DOS splitting into two peaks in the 
Hartree-Fock approximation is associated with the decreasing of the spin-split Landau levels 
overlapping that results in the exchange enhancement of the quasiparticle g-factor [9, 34, 80-
82] and, thereby, in the exchange enhancement of the Zeeman splitting at the Fermi energy in 
the quasiparticle spectrum. 
In addition, the exchange enhancement of the Zeeman splitting yields a 
renormalization of the filling factors of the spin-split Landau levels at the Fermi energy that is 
especially important in the case of the large DOS overlapping. As follows from Fig. 3.6, the 
 
Fig. 3.5. Density of states at the Fermi energy in InAs/AlSb heterostructures with a 
15 nm wide QW with 2D electron concentration of 8.16·1011 cm-2 and 0 = 1.0 meV. 
The arrows indicate the magnetic field magnitude corresponding to the integer Lan-
dau levels filling factors. 
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filling factor of the lower (nF,a) Landau level increases and filling factor of the upper (nF-1,b) 
Landau level decreases as a result of the exchange interaction. Such exchange renormalization 
of the filling factors of Landau levels at the Fermi energy is significantly affected by the DOS 
overlapping. Landau levels broadening leads to a nonlinear dependence of the filling factor 
values on the magnetic field. 
 
 
 
 
Fig. 3.6. Filling factors of the spin-split Landau levels crossed over the Fermi level, 
0 = 0.5 meV (a) and 0 = 1.0 meV (b). The black solid and dashed curves correspond 
to the values obtained in the Hartree approximation; the red ones conform to the values 
in the Hartree-Fock approximation. 
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3.3. Exchange enhancement of quasiparticle g-factor in InAs/AlSb 
heterostructures with single quantum wells. 
As it noted in Chapter 1, magnetotransport methods, based on resonant-tunneling and 
time-domain capacitance spectroscopy of Landau levels in a 2D system, allows one to 
determine directly the effective electron g-factor, which characterizes the Zeeman splitting at 
the Fermi energy in the quasiparticle spectrum. This Section presents the results of theoretical 
study of the exchange enhancement of the quasiparticle g-factor in InAs/AlSb QW 
heterostructures depending on the Landau levels width at zero temperature. The calculated 
values are compared with experimental results obtained in AlSb/InAs/AlSb QWs [15, 16, 77]. 
 
 
Figure 3.7 illustrates the results of the g-factor calculations versus magnetic field at 
zero temperature for a 15 nm wide AlSb/InAs/AlSb quantum well. The step-like features of a 
“single-particle” g-factor, arising at even values of the Landau levels filling factor, occur 
through nonparabolicity of the energy-momentum law in the lowest occupied electric sub-
band. As the magnetic field increases, the degeneracy order of each Landau level increases. 
 
Fig. 3.7. The g-factor oscillations under magnetic field, as calculated for a 15 nm wide 
AlSb/InAs/AlSb QW with a 2D electrons gas concentration of 8.45·1011 cm-2 and 0 = 0.3 
meV. The black curve corresponds to the “single-particle” g-factor within the Hartree ap-
proximation. The arrows indicate the magnetic field magnitude corresponding to the inte-
ger Landau levels filling factors. The blue curve is the g-factor enhanced through exchange 
interaction without screening in the 2D electron gas; the red curve is plotted from calcula-
tions of the exchange g-factor enhancement which takes into account the screening effect 
in the 2D electron gas.  
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As a result, the Fermi level shifts from one pair of the spin-split Landau levels to a lower-
lying pair that has experienced a larger Zeeman splitting due to the nonparabolicity, i. e., we 
observe a jump of the electron effective g-factor at the Fermi level. 
The electron effective g-factor at the Fermi energy reaches its maxima at odd values of 
the Landau levels filling factor, which is conditioned by the maximal difference in the 2D 
electron concentrations with opposite spins |n-n|. At even filling factors the 2D electron 
numbers with opposite spins are the same, and the quasiparticle g-factor is minimum [9]. 
However, due to the difference in the spatial structure of wave functions (3.8) for the elec-
trons at the spin-split Landau levels, the exchange corrections to levels (nF-1, b) and (nF, a) 
differ also at even filling factors, which causes an increase in the Zeeman splitting at the 
Fermi level, i.e. in the quasiparticle g-factor.  
We note that in 2D systems with parabolic subband the effective g-factor is 
determined by the difference in the exchange corrections (3.18) of the spin-split Landau levels 
at the Fermi energy. Others filled Landau levels do not contribute to the Zeeman splitting at 
the Fermi energy and quasiparticle g-factor [9]. It leads to the fact that the quasiparticle g-
factor in 2D parabolic-subband systems is proportional to the spin polarization degree |n-n|. 
In the presence of subband nonparabolicity, 2D electron wave functions have a complex 
spatial structure (3.8) that yields the contributions of all filled Landau levels to the 
quasiparticle g-factor, defined by the difference in exchange corrections (3.18) to the levels 
(nF-1, b) and (nF, a). As a result, the “enhanced” g-factor values are not proportional to the 
spin polarization degree |n-n|. 
The g-factor magnitude for odd filling factors is determined not only by the difference 
in the 2D electron concentrations with opposite spins, but also by the screening of Coulomb 
interaction in the 2D electron gas. The dielectric function of the latter (3.19) depends on the 
density of states in the Landau level at the Fermi energy. Since the overlapping of the states in 
adjacent spin-split levels decreases as the magnetic field increases, dielectric function of 2D 
electron gas at odd filling factors also decreases with the magnetic field. It leads the quasipar-
ticle g-factor maximum to the value that corresponds to the unscreened Coulomb potential 
(Fig. 3.7). 
Figure 3.8 is the calculations results of quasiparticle g-factor taking into account the 
screening effect in 2D electron gas at different Landau levels width. As it is seen from 
Fig. 3.7 and 3.8, the maximum value of quasiparticle g-factor corresponds to odd filling 
factors in the absence or at small DOS overlapping at spin-split Landau levels only, at 
0  0.5 meV. The dielectric function (3.19) at odd filling factors increases significantly with 
the increase of the DOS overlapping at the adjacent spin-split levels (Fig. 3.5, 0 = 1.0 meV) 
as compared to its value in the absence of the overlapping. It leads to the decreasing of both 
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the exchange corrections and the quasiparticle g-factor as well. As a result of the exchange 
interaction reduction caused by the screening intensification in the vicinity of odd filling 
factors, the maximum values of the quasiparticle g-factor are achieved in weaker magnetic 
fields (Fig. 3.8). 
 
 
It should be noted that nonmonotonic g-factor behavior at odd filling factors versus 
magnetic field in the case of small DOS overlapping, observed in Fig. 3.7 and 3.8, is also pre-
dicted by Ando and Uemura theory [9] which is valid for 2D systems with a parabolic 
subbands. The g-factor calculations, based on the Ando and Uemura theory, were performed 
at different functions for the dependence of the Landau level width on magnetic field in [122]. 
The square-root dependence of the Landau level width on the magnetic field (3.2) and 
Gaussian profile for the DOS at the Landau levels (3.1) in the case of small DOS overlapping 
leads to a similar behavior of the g-factor maximum (see Fig. 4 in [122]), presented in Fig 3.7 
and 3.8 at 0 = 0.2-0.3 meV. 
In Figure 3.9 and 3.10 we present the calculation results of the g-factor exchange en-
hancement, taking into account the screening effect, as a function of the 2D electron concen-
tration at which only one electric subband in a 15 nm wide AlSb/InAs/AlSb quantum well is 
occupied; the calculations were performed at different values of the magnetic field and Lan-
dau levels width. The step-like features of the “single-particle” g-factor arising at even filling 
factors are manifested through the dependence not only on the magnetic field (Fig 3.7 and 
3.8) but also on the 2D electron concentration. The exchange enhancement of the quasiparti-
 
Fig. 3.8. Quasiparticle g-factor oscillations under magnetic field, calculated for a 15 nm 
wide AlSb/InAs/AlSb QW with a 2D electrons gas concentration of 8.16·1011 cm-2. The 
black curve corresponds to the “single-particle” g-factor within the Hartree approximation. 
The red, blue and green curves are the quasiparticle g-factor, renormalized by exchange 
interaction, at different Landau levels width. The arrows indicate the magnetic field corre-
sponding to the integer Landau levels filling factors. 
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cle g-factor at even filling factors that occurs due to strong nonparabolicity of the energy-
momentum law in InAs/AlSb QW heterostructures depends both on the applied magnetic 
field and on the 2D electron concentration. As in [9], we observed a decrease of the maximum 
value of the g-factor enhancement at the Fermi level with a 2D electron concentration in-
crease. It is clear from Fig 3.9 and 3.10, that the quasiparticle g-factor value rises and that its 
oscillations become sharper as a result of the Landau levels narrowing. Decreasing of the 
DOS overlapping at the adjacent spin-split Landau levels reduces the screening of the Cou-
lomb interaction and increasing the difference in the electron concentrations with the opposite 
spins |n-n|. As a result the magnitude of the exchange enhancement of g-factor at odd filling 
factor values increases. 
 
 
Fig. 3.9. The g-factor oscillations as a function of 2D electron concen-
tration in a 15 nm wide AlSb/InAs/AlSb QW at different values of the 
Landau levels width in magnetic fields of 2 T and 4 T. 
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Note that in order to describe the exchange enhancement of g-factor in a MOS inver-
sion layer made on a Si (100) surface the authors in [9] considered in their calculations the 
increasing broadening of the Landau levels as a function of the electron concentration in the 
silicon n-channel, which was determined in the experimental study of the effective electron 
mobility [123]. Here we deliberately ignore the dependence of the density of states width  on 
the 2D electron concentration. Increasing of the overlap of the densities of states at the adja-
cent spin-split Landau levels with a rise in the electron concentration is due to the nonpa-
rabolicity of the energy-momentum law in electric subbands. At fixed magnetic field, at high 
energy, the Landau levels in the AlSb/InAs/AlSb QW “get closer” (see Fig. 3.1), and the 
“single-particle” g-factor at the Fermi level decreases, which increases the DOS overlapping 
of states at the adjacent Landau levels with increasing the 2D electron concentration in the 
AlSb/InAs/AlSb QW. 
For the reasons presented in Chapter 1, the results of experimental magnetotransport 
study of exchange enhancement of the g-factor in InAs/AlSb QW heterostructures, obtained 
in [15, 16, 77], will be used for comparison with theoretical calculations of the quasiparticle 
g-factor. In [15] the Shubnikov-de Haas oscillations in perpendicular magnetic fields were 
studied and the quasiparticle g-factor was estimated from the relation (1.23). Moreover the 
values of B1 and B2, and hence the quasiparticle g-factor cannot be measured with precision, 
another shortcoming of this method is the fact that by analyzing the experimental data, it is 
 
Fig. 3.10. The g-factor oscillations as a function of 2D electron concentration in a 15 
nm wide AlSb/InAs/AlSb QW at different values of the Landau levels width in mag-
netic fields of 6 T. 
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impossible to determine the g-factor values at a fixed magnetic field or 2D electron 
concentration which cannot be controlled. Experimental results of the exchange enhancement 
of quasiparticle g-factor in the samples with different 2D electron concentration at different 
values of the magnetic field were presented in Fig. 1.15 in Chapter 1. As the 
magnetotransport study in InAs/AlSb QW heterostructures demonstrates [15, 16, 85], the 
magnetic field B2, in which the first Zeeman splitting shows up, is less 2 T at typical mobility 
values. Therefore, for qualitative comparison with experimental results, obtained in [15], we 
performed the calculations of quasiparticle g-factor as a function of 2D electron concentration 
in magnetic field of 2 T. Fig. 3.11 shows that the theoretical values of quasiparticle g-factor in 
InAs/AlSb QW heterostructures are in reasonable agreement with experimental results of 
[15]. 
 
 
 
In [16], the values of quasiparticle g-factor under magnetic fields in the vicinity of odd 
filling factors were determined from analysis of the Zeeman splitting of Shubnikov-de Haas 
oscillations in InAs/AlSb QW heterostructures at T =4.2 K. The following equation was used 
for the g-factor determination: 
 
Fig. 3.11. Quasiparticle g-factor oscillations under 2D electron concentration in mag-
netic field of 2 T at different Landau level width. The symbols correspond to the ex-
perimental g-factor values in InAs/AlSb heterostructures with different 2D electron 
concentration at different values of magnetic field [15]. 
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where B
–
 and B+ are the maximal values of magnetic field in the peaks of the longitudinal 
conductivity oscillations that correspond to the spin split Landau levels. To determine the 
derivative E/B, the results of “single-particle” Landau levels calculations (Fig. 3.1.), 
performed taking into account the nonparabolicity of electric subbands, was used. The 2D 
electron concentration in the AlSb/InAs/AlSb QW was varied through the effect of persistent 
photoconductivity. Thus, in sample B824 with a 15 nm wide QW the values for the effective 
g-factor lie in a 15-25 range, depending on 2D electron concentration. By analyzing the mag-
netotransport measurements data, obtained in [16], and fitting the “nearly” split peaks of 
Shubnikov-de Haas oscillations by two Gaussian functions, we were able to attain a higher 
precision of determining the magnetic fields B
-
 and B+. 
 
 
 
 
Fig. 3.12. Oscillations of the quasiparticle g-factor in the sample B824 [16], calculated 
as a function of the magnetic field for 8.45·1011 cm-2 2D electron concentration at dif-
ferent values of the Landau levels width. 
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Figures 3.12-3.14 depict the calculation results of the g-factor enhancement for the 
sample B824 at various values of 2D electron concentration and Landau levels width. The 
colored curves correspond to the enhanced g-factor of 2D electrons estimated for different 
values of the Landau levels broadening. The black curve corresponds to “single-particle” val-
 
Fig. 3.14. Oscillations of the quasiparticle g-factor in the sample B824 [16], 
calculated as a function of the magnetic field for 5.15·1011 cm-2 2D electron 
concentration at different values of the Landau levels width. 
 
Fig. 3.13. Oscillations of the quasiparticle g-factor in the sample B824 [16], cal-
culated as a function of the magnetic field for 6.95·1011 cm-2 2D electron concen-
tration at different values of the Landau levels width. 
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ues of the g-factor. The dots are used for the values determined from analysis of the Zeeman 
splitting of Shubnikov-de Haas oscillations [16]. Experimental values of the effective g-factor 
were sought for the magnetic field (B
-
+B+)/2. As seen from Fig. 3.12-3.14, on the whole, there 
is a reasonable agreement of the experimental data with the theoretical oscillation peaks of 
quasiparticle g-factor, calculated at different Landau level width. Some comments should be 
made on the approximations that formed the basis of method proposed in [16]. It is easy to see 
that the derivative E/B determines the mass of the quasiparticle m*, as a result: 
−+
−+
+
−
BB
BB
gm ~** . 
We note that the true values of the quasiparticle mass m* and quasiparticle g-factor g* are 
renormalized by the “screened” electron-electron interaction, so it must depend on the 
magnetic field, 2D electron concentration and Landau Level width. Moreover, the 
quasiparticle mass m*, as well as quasiparticle g-factor g*, should be an oscillating function 
of the filling factor of Landau levels because the oscillatory behavior are associated to the 
Fermi level oscillations in a magnetic field (Fig. 3.2 and 3.3). In spite of the fact that in [16] 
the subband nonparabolicity are taken into account, the effects associated with the exchange 
interaction are ignored in the m* determination. Therefore, generally speaking, the method 
proposed in [16] is not a direct method for quasiparticle g-factor measurements. 
As noted in Chapter 1, magnetotransport study of heterostructures with 2D electron 
gas by resonant-tunneling spectroscopy in a perpendicular magnetic field allows one to 
determine the Zeeman splitting at the Fermi level and the quasiparticle g-factor directly. In 
[77] the exchange enhancement of 2D electron g-factor in a GaSb/AlSb/InAs/AlSb/GaSb het-
erostructure by resonant-tunneling spectroscopy in magnetic fields up to 30 T at T = 1.4 K 
was studied. The 2D electron concentration in the system was varied by applying an external 
hydrostatic pressure. The thickness of the AlSb and InAs layers in the heterostructure was 4 
and 15 nm respectively. The concentration values were determined by analyzing the 
measurements of conductance oscillations in the magnetic field. In the absence of hydrostatic 
pressure at 2D electron concentration of nS=1.2·1012 cm-2 the sample exhibited two peaks in 
the oscillations of the electron g-factor. One peak with a g-factor maximum of 15 was ob-
served in the magnetic field corresponding to the Landau levels filling factor of 3; the authors 
regarded it as a manifestation of the exchange interaction. The other peak with the maximal g-
factor value of 11 was observed in the magnetic field corresponding to the filling factor of 2. 
However, the origin of this peak for even values of the filling factor remained unclear. 
As follows from our calculations of the electron states in a 15 nm wide 
AlSb/InAs/AlSb QW, the characteristic penetration length of the electron wave function into 
the AlSb barriers is roughly 2 nm, which means that given 4 nm thickness of AlSb barriers we 
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can neglect the influence of the GaSb layers on 2D electron spectrum in the 
GaSb/AlSb/InAs/AlSb/GaSb heterostructure6. In Fig. 3.15 we present the calculation results 
of the exchange g-factor enhancement for various widths of the Landau levels in a 
GaSb/AlSb/InAs/AlSb/GaSb heterostructure with a 2D electron concentration of 1.2·1012 cm-
2
. In calculations of the 2D electron energy spectrum within the Hartree approximation the 
self-consistent potential was assumed to be symmetric. The colored curves correspond to the 
enhanced g-factor of 2D electrons as calculated for different values of the Landau levels 
broadening. The black curve is for “single-particle” values of the g-factor obtained in the Har-
tree approximation. The dots indicate the experimental data obtained in [77]. 
 
 
 
 
As seen from Fig. 3.15, the peak observed at the filling factor of 3 is reasonably de-
scribed by the theoretical curve and is indeed related to the exchange enhancement of 2D 
electron g-factor. The second peak in Fig. 3.15, corresponding to even filling factor, conforms 
to the “jump” of the g-factor value at the Fermi level due to the nonparabolicity of energy-
momentum law in electric subbands in GaSb/AlSb/InAs/AlSb/GaSb heterostructure. Since we 
assigned the Gaussian profile to the density of states for each Landau level in our calculations 
                                                 
6
 At non-zero hydrostatic pressure the penetration length of the electron wave function into 
the AlSb barriers increases and this approximation will be too rough. 
 
Fig. 3.15. Oscillations of quasiparticle g-factor in GaSb/AlSb/InAs/AlSb/GaSb het-
erostructure [77] at different values of the Landau levels width. The arrows indicate the 
magnetic fields corresponding to the integer filling factors. 
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(3.1), the difference between the theoretical and experimental shapes of the curves in 
Fig. 3.15 should, in our opinion, be a consequence of an asymmetry of the actual density of 
states at the Landau levels.  
In addition, discrepancy between the calculated and measured g-factor values at filling 
factors 2, observed in Fig. 3.15, can be also attributed to the details of the density of states at 
the Landau levels. It is known that random potential, formed by residual impurities, can lead 
to asymmetric density of states with an impurity band on the “tails” of the Landau levels. As a 
matter of fact, the symmetric density of states at the Landau levels is formed only if we ne-
glect the electron states mixing at different Landau levels induced by the random potential 
[114-117]. It was shown in paper [116, 124] that the density of 2D electron states strongly de-
pends on the non-zero correlation length of random potential and on the scattering centers 
concentration in the sample and can be assigned to an asymmetric form with impurity bands 
on the “tails” by including the states mixing at different Landau levels. The presence of the 
additional maximum on the “tails” of the density of states, which is not taken into account by 
using the Gaussian profile, can lead to additional enhancement of the “jump” of quasiparticle 
g-factor at even filling factors of the Landau levels. 
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Chapter 4. Spin resonance in 2D electron gas in InAs/AlSb quan-
tum well heterostructures. 
4.1. Magnetic excitons in 2D electron gas in quantum well with non-
parabolic electric subbands. Excitonic representation. 
As noted in the Chapter 1, electron-electron interaction in the presence of magnetic 
field leads to the spin-related phenomena associated with collective excitations due to the 
interaction of 2D electron system with the electromagnetic radiation and is observed in 
different magnetooptic experiments. One of the simplest excitations of 2D electron system in 
magnetic field is a spin exciton, SE (or spin wave) associated with electron transition between 
spin-split Landau levels due to Zeeman interaction. The bound state formed by the spin-
flipped electron and the hole  is a neutral particle, which can move in two dimensions and due 
to the Lorentz force, the wave vector of the spin exciton is directly related to the distance be-
tween the electron and hole: 
2
Ba
rk = . 
The dynamical conductivity, measured in the spin resonance, is defined by the long-
wavelength limit of the spin excitons. In accordance with the Larmor theorem, electron-
electron interaction in a 2D system with rotational invariance in spin space does not affect the 
energy absorption in the spin resonance. Since spin-orbit interaction breaks the rotational 
invariance, in 2D systems with pronounced spin-orbit interaction effects the Larmor theorem 
should be violated. Marco Califano et al. [6] were the firsts who carried out theoretical studies 
of Larmor theorem violation in 2D system with parabolic subband dispersion, induced by 
SIA. The results, obtained in [6], demonstrate that the renormalization of the g-factor values, 
measured in spin resonance, depends both on the magnetic field and on the Rashba splitting 
constant. 
As demonstrated in Chapter 2 and 3, the energy-momentum law in narrow-gap 
heterostructures with 2D electron gas, such as AlSb/InAs/AlSb QW, is characterized by a 
pronounced nonparabolicity and is described by the 8-band k·p Hamiltonian. Since the spin-
orbit interaction, which partially splits the complex valence band in bulk materials, is 
automatically included in the 8-band k·p Hamiltonian, 2D electron systems, which are well 
described by such Hamiltonian, do not possess the rotational invariance in spin space. It leads 
to a Larmor theorem violation in such narrow-gap systems and the appearance of many-body 
effects, associated with Coulomb interaction in 2D electron gas, in spin resonance even in the 
absence of the BIA and SIA terms. This Chapter is devoted to the theoretical study of the 
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influence of electron-electron interaction on the energy absorption in the spin resonance in 
InAs/AlSb QW heterostructures. By calculating “magnetooptical” g-factor values, measured 
in spin resonance, Larmor theorem violation in narrow-gap quantum wells will be 
demonstrated for the first time. 
The total Hamiltonian of 2D electron gas in InAs/AlSb QW in the representation of 
second quantization is as follows: 
int)0(2 HHH DEG += , 
[ ] ),(ˆ)(),(ˆ 88)0( zrzzEHzrrddzH Donorspk   Ψ⋅−Ψ= ⋅×++∞
∞−
 , 
),(ˆ),(ˆ),,(),(ˆ),(ˆ
2
1
1122212122112
2
1
2
21int zrzrzzrrVzrzrrdrddzdzH
 ΨΨ−ΨΨ= ++
+∞
∞−
+∞
∞−
 ,   (4.1) 
where the operators ),(ˆ zrΨ  and ),(ˆ zr+Ψ  are defined in terms of single-particle wave func-
tions (3.8) and fermion creation and annihilation operators: 
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Substituting (4.2) in (4.1) and, using Fourier transform (2.23) for the Coulomb Green function 
and expression (3.13) for the matrix elements 2211 ,, knekn rqi

, )0(H  and intH  can be 
summarized as follows: 
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where )',,()',(
',
zzqK iinn

 is defined by the expressions (3.15) and (3.16). 
As mentioned above, for the bound state, formed by an electron placed on an unfilled 
or partially filled Landau level (n, i) and an effective hole emerging thereby on the previous 
level (n, i), let us introduce the exciton creation operator: 
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,  (4.4) 
where p is the wavevector projection on the y axis, 22 2 BaLN piφ = , L×L is the area in the 
structure plane. To calculate the energy of magnetic exciton, which is determined by the 
difference in the ground 0  and single-exciton excited state 0)(
',,',
kA iinn

+
, in agreement with 
(1.30), the commutator of the operators DEGH 2  and )(',,', kA iinn

+
 should be estimated: 
[ ] ( ) [ ])(,)()(,
',,',int',,',',',',,',2 kAHkAEEkAH iinniinnininiinnDEG

+++ +−= .  (4.5) 
 101 
We note that in the absence of the Coulomb interaction the magnetic exciton energy is equal 
to the energy difference of the Landau levels.  
Taking into consideration the commutation relations for the operators ikna ,,  and 
+
ikna ,, : 
2121211!12222221!1 ,,,,,,,,,,, iikknniknikniknikn aaaa δδδ=+
++
, 
0
1!12222221!1 ,,,,,,,,
=+ iknikniknikn aaaa ,    (4.6) 
it can be shown that: 
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Here the matrix element of Coulomb interaction )(~ ),,,(
,,,
4321
4321
qV iiii nnnn

 is defined as follows: 
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The expression (4.7) for the commutator [ ])(,
',,',int kAH iinn

+
 involves the sum of the products of 
four operators and can be developed at the first-order approximation in the Coulomb 
interaction keeping the leading terms containing one creation and one annihilation operator, 
multiplied by the particles number operator ξξ aa
+ 7: 
( +≈ ++++
41
414324
41
4321
...
4324
,...
4321 ),,,(),,,(
ξξ
ξξξξξξ
ξξ
ξξξξ δξξξξξξξξ aaaafaaaaf  
+++ ++++
314323424341
),,,(),,,( 43234341 ξξξξξξξξξξξξ δξξξξδξξξξ aaaafaaaaf  
324321
),,,( 4331 ξξξξξξ δξξξξ aaaaf +++ ,    (4.9) 
where ξ  is multi-index. 
The contribution of the four operators (4.9) can be evaluated in the random-phase 
approximation with the standard rule: 
)(
,,,,,,,
1
1212121222111
00 iniippnnipnipn aa νδδδ=+ ,   (4.10) 
where )(inν  is the filling factor of the Landau level, labeled by index n and “spin” i. After a la-
bor-consuming mathematical manipulations, one arrives to the following expression for the 
commutator [ ])(,
',,',int kAH iinn

+ : 
 
                                                 
7
 This approach is equivalent to the diagrammatic representation of the approximation made 
in [88]. 
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Thus, at the first-order approximation in the Coulomb interaction the Schrödinger equation 
for the magnetic exciton has the form: 
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The second and third terms in (4.13) correspond to the difference of corrections to the energy 
of the Landau levels of the excited electron and hole, calculated in the Hartree-Fock 
approximation. These terms describe the direct and exchange interaction between the excited 
pair of quasiparticles with 2D electron gas. The fourth term describes the direct Coulomb 
interaction of the excited electron and hole. The fifth term in (4.13) corresponds to the 
nonlocal exchange interaction of the electron and hole, arising from terms in (4.7) where the 
electron and hole annihilate each other at one point in space, and an electron-hole pair is 
created simultaneously at another point. As seen from (4.13) the Coulomb interaction mixes 
the possible single-pair states in 2D system. 
Let us consider the spin exciton creation, related to the electron transitions from the (n, 
a) Landau level to the level of (n-1,b). It is obvious that this transition will be possible if the 
filling factor 1)( 1 <−
b
nν . As a rule, ω  is much larger than the Zeeman splitting, so the 
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excitation, differs from SE, lies considerably higher in energy than the characteristic values of 
spin exciton energy. 
Neglecting the higher-lying excitations, the set of equations (4.13) can be simplified 
as: 
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Assuming that the energy of the Landau levels (n, a) and (n-1,b) is calculated within the 
Hartree approximation, the second term in (4.14), we shall omit to include it in the definition 
of anE ,  and bnE ,1− . Transformation to the polar coordinate system and introducing (3.15) in 
the form of (3.17), are allowed to simplify the expression (4.8) and (4.12) and obtain the 
expression for spin exciton energy in the following form: 
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    (4.16) 
and exchange correction to the Landau level energy )(inΣ  is defined by the expression (3.18). 
In formulae (4.16) )(0 xJ  is the modified Bessel function of zeroth order. We note that in the 
short-wavelength limit the interaction energy of the excited electron and hole tends to zero, 
i. e. the spin exciton at high wavevector values decays into non-interacting electron and hole.  
Let us consider the limit to the parabolic subband in the absence of spin-orbit 
interaction in the spin exciton energy (4.15). Replacing the 8-component wave function (3.8) 
on the wave function in a parabolic subband: 
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in the expressions (3.18) and (4.16). As a result, the difference in exchange energies of fully 
occupied spin-split Landau levels is equal to zero and the expression (4.15) in parabolic 
subband takes the form: 
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The fact that the g-factor in AlSb/InAs/AlSb QW is negative was taken into account when we 
change the notations of Landau levels from (n-1, b) and (n, a) to (n, ) and (n, ) in (4.18). If 
we ignore the effects associated with the forces of electrostatic images and use the expression: 
ε
pi
q
e
zzqD
2
21
2),,(~ =  
for the Coulomb Green function, the spin exciton energy at zeroth Landau level takes the fol-
lowing form: 
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We note that expression (4.19) coincides with expression for the spin exciton energy at zeroth 
Landau level, obtained in [86, 88]. In accordance with the Larmor theorem in the limit k  0, 
the Coulomb interaction does not influence the energy of a spin exciton (4.18) in the absence 
of spin-orbit interaction. 
Let us return to expressions (4.15) and (4.16), valid in narrow-gap quantum well 
heterostructures. Energy, measured in spin resonance, is determined by long-wavelength limit 
of the excited spin excitons: 
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By using the expression (4.20), we can define the “magnetooptical” g-factor values which are 
extracted from the spin resonance measurements: 
( )[ ])()( 1),,,( ,1,1,)()( 1)1( )0(~1 anbnabba nnnnanbn
B
eSR EB
gg Σ+Σ−−+=
−−−−
νν
µ
,  (4.21) 
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where “single-particle” g-factor )1( eg , calculated within the Hartree approximation, is defined 
by the expression (3.22). It is easy to see from (4.21), that at even filling factors the values of 
“magnetooptical” g-factor SRg  coincide with quasiparticle g-factor values *g , defined by 
(3.21) and measured in the magnetotransport experiments. The difference SRg  in *g  and at 
non-even filling factors is caused by spin exciton binding energy, which completely 
compensates the exchange enhancement, associated with Coulomb interaction of excited 
electrons and holes with 2D electron gas in a parabolic subband in the absence of spin-orbit 
interaction. 
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4.2. Spin exciton energy in the short- and long-wavelength limits in 
InAs/AlSb quantum well heterostructures. Larmor theorem violation. 
The previous section noted that spin-resonance frequency corresponds to the long-
wavelength limit of the spin exciton energy. Figure 4.1 presents the results of numerical 
calculations of spin-resonance energies, based on the 8-band k·p Hamiltonian, in InAs/AlSb 
heterostructures with a 15 nm quantum well width and 2D electron concentration of 8.16·1011 
cm-2. Black and brown curves in Fig. 4.1 correspond to the values, obtained in the “single-
particle” Hartree approximation in symmetric and asymmetric quantum well. Green curves 
conform to the spin-resonance energies, calculated by taking into account the electron-
electron interaction. The energies, measured in electron spin resonance (ESR) in 
AlSb/InAs/AlSb QW with symmetric profile, are illustrated by dark-green curve and the light 
green curve corresponds to the spin-resonance energy in the QW with asymmetric profile. 
Arrows indicate magnetic fields corresponding to the even filling factors of Landau levels. 
Our calculations demonstrate that broadening of Landau levels does not affect the energy 
absorption in ESR in the range of parameter 0 = 0.2-1.0 meV. 
 
 
 
Fig. 4.1. Spin-resonance energies in InAs/AlSb heterostructures with 15 nm QW width 
and 2D electron concentration of 8.16·1011 cm-2. 
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The features of ESR energy that arise at even filling factors are associated with Fermi 
energy oscillations in magnetic fields in non-parabolic electric subband and have already been 
discussed in details in Chapter 3 of this thesis. As noted in Chapter 2, asymmetrical “built-
in” electric field distorts the QW potential profile and via spin-orbit coupling leads to a 
Rashba spin splitting of energy-momentum law in electric subbands at zero magnetic field. 
The Rashba splitting manifests itself not only as the beatings of Shubnikov-de Haas and de 
Haas-van Alphen oscillations but also leads to changes in the energy absorption in ESR. In 
2D electron gas with Rashba spin splitting in parabolic subband the ESR energy in a “single-
electron” approximation is defined as follows: 
( ) CRBCSR Bg ωµωω −∆++= 22* , 
where Cω  is a cyclotron frequency and R∆  is a value of Rashba spin splitting [6]. The Rashba 
spin splitting R∆  has a significant effect on the ESR absorption energy in weak magnetic 
fields only and can be neglected in strong magnetic fields. In addition, the Rashba splitting 
leads to a nonmonotonic dependence of the ESR energy on the magnetic field with 
pronounced minimum of SRω  in the weak magnetic fields. In the absence of Rashba spin 
splitting the ESR absorption energy in a parabolic subband is determined by the value of 
Bg Bµ*  and does not depend on the electron-electron interaction. 
Fig. 4.1 shows the results of ESR energy calculation in InAs/AlSb heterostructures 
with 15 nm QW width. For a  2D electron concentration of 8.16·1011 cm-2 and at maximum 
asymmetry of “built-in” electric field in AlSb/InAs/AlSb QW, Rashba spin splitting at Fermi 
wavevector is equals to 1.82 meV (see Chapter 2). As seen from Fig. 4.1, brown curve 
corresponding to the “single-electron” approximation in the asymmetric QW tends to this 
value in weak magnetic fields. Thus, the minimum of ESR energy at given values of 
parameters of the AlSb/InAs/AlSb QW with asymmetric “built-in” electric field should be 
achieved for magnetic fields less than 1 T. The ESR energy in the “single-electron” 
approximation in weak magnetic fields in the symmetric QW, i. e. in the absence of Rashba 
splitting, described by the black curve, demonstrates a linear dependence on the magnetic 
field. 
As it is clear from Fig. 4.1, that a pronounced spin-orbit coupling, which is 
automatically included in the 8-band k·p Hamiltonian, and a nonparabolicity of electric 
subbands in narrow-gap InAs/AlSb QW heterostructures leads to a Larmor theorem violation 
even in the absence of Rashba spin splitting, induced by SIA (see dark-green curve in 
Fig. 4.1). In addition, our calculation results illustrate that Rashba spin splitting also affects 
the exchange corrections (4.20) to the spin exciton energy in the long-wavelength limit. It is 
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seen that the green curves, which correspond to the calculations with taking into account the 
Coulomb interaction, differ even in strong magnetic fields while the black and brown curves 
in magnetic fields above 4-5 T practically coincide. In magnetic fields less than 1 T we have 
faced some technical difficulties in our numerical calculations of energy absorption in ESR, 
related to the large values of filling factors of Landau levels, therefore we restrict ourselves to 
a qualitative analysis of the curves in the range of weak magnetic fields. 
The dependence of the corrections associated with the electron-electron interaction on 
the magnetic field at a fixed Landau level index n in weak magnetic fields can be “estimated” 
by using the equations (3.18), (4.16) and (4.21). For simplicity we neglect the effects related 
to the forces of electrostatic images, i. e. we use the expression (4.18a) for the Coulomb 
Green’s functions. We also assume that Landau levels overlapping is weak that leads to the 
linear dependence of filling factor of partially occupied Landau level on the magnetic field, 
and all lower-lying levels in this case are completely filled8. Taking into consideration the as-
sumptions presented above, we have: 
23
21
)()(
1 BCB
a
n
b
n +≈Σ−Σ − , 
( ) 2343),,,( ,1,1,)()( 1 )0(~ BCBE abba nnnnanbn +≈− −−− νν ,   (4.22) 
where the terms proportional to B  correspond to the contribution of completely filled 
Landau levels and terms proportional to 23B  describe the contribution of the upper partially 
filled level. As a result we have 
23
21
~~)( BCBCBZSR ++∆=ω ,    (4.23) 
where )(BZ∆  conforms to “single-particle” contribution of Zeeman and Rashba splittings. 
We note that 0~2 =C  at integer filling factors of Landau levels and the corrections to the ESR 
energy are determined by the characteristic scale of the Coulomb interaction: 
B
a
eB
B
 ~
2
~)(
2pi∆ . 
We note that the corrections )(B∆  in first-order to the Coulomb interaction to the 
ESR energy at integer filling factors are general to all “single-pair” excitations. Thus, the en-
ergy absorption in ESR in narrow-gap QWs with symmetric “built-in” electric field tends to 
zero and in narrow-gap QWs with asymmetric “built-in” electric field goes to the value of 
Rashba spin splitting with magnetic field decreasing. 
 
                                                 
8
 Large overlapping of the densities of states at the spin-split Landau levels leads to a 
nonlinear dependence of the filling factors on the magnetic field (see Fig. 3.6). 
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As noted in Section 4.1, spin exciton decays into a pair of non-interacting 
quasiparticles in the limit of infinitely large wave vectors which energy is determined by the 
Coulomb interaction of excited quasi-electron and quasi-hole with 2D electron gas. Formally, 
the energy of excited quasiparticles in the short-wavelength limit is equal to the Zeeman 
splitting at the Fermi energy in the quasiparticle spectrum in the absence of screening. 
However, it should be noted that in the first case we are talking about the excited state while 
in the second case we are discussing the ground state of 2D system. 
Figure 4.2 presents the results of spin exciton energy calculation in the long-
wavelength (green curve) and in the short-wavelength (red, blue and brown curves) limit at 
different values of Landau levels width. It is clear that spin exciton energy at k  depends 
on the DOS overlapping at the spin-split Landau levels. Oscillatory behavior of the energy in 
the short-wavelength limit is related to the Fermi energy oscillations in magnetic fields and is 
similar to the oscillations of the Zeeman splitting in quasiparticle spectrum, which are 
considered in Chapter 3. Maximum energy of the spin exciton at k  corresponds to the 
odd filling factor values and is caused by the maximum difference in 2D electron 
concentrations with opposite spins |n-n|. At even filling factors the 2D electron numbers 
with opposite spins are the same and the spin exciton energy takes a minimum value. 
 
Fig. 4.2. Spin exciton energy in the short- and long-wavelength limit in InAs/AlSb 
heterostructures with 15 nm QW, symmetric “built-in” electric field and 2D electron 
concentration of 8.16·1011 cm-2 at different values of Landau levels width. The black curve 
corresponds to the Zeeman energy in “single-particle” Hartree approximation. 
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Figures 4.3 and 4.4 show the calculated energy of spin exciton in a 15 nm 
AlSb/InAs/AlSb QW with symmetric “built-in” electric field at different values of the 
magnetic fields and Landau levels width as a function of 2D electron concentration at which 
only one electric subband is occupied. The green curve in Fig. 4.3 corresponds to the spin 
exciton energy in the long-wavelength limit. Red, blue and brown curves conform to the 
short-wavelength limit. Zeeman energy in “single-particle” Hartree approximation is 
 
 
Fig. 4.3. Spin exciton energy versus 2D electron concentration in a 15 nm 
AlSb/InAs/AlSb QW with symmetric “built-in” electric field at different values of 
the Landau levels width in magnetic fields of 2 T and 4 T. 
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presented by the black curve. As in Fig. 4.2, decreasing of the Landau levels overlapping 
leads to increase in the maximum value of the spin exciton energy at k . It is clear from 
Fig. 4.3 and 4.4 that taking into account the electron-electron interaction in non-parabolic 
subband in AlSb/InAs/AlSb QW with symmetric “built-in” electric field leads to a sublinear 
dependence of the spin exciton energy at k =0, measured in ESR, on 2D electron 
concentration. 
 
 
 
 
Fig. 4.4. Spin exciton energy versus 2D electron concentration in a 15 nm 
AlSb/InAs/AlSb QW with symmetric “built-in” electric field at different values of 
the Landau levels width in magnetic field of 6 T. 
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4.3. The g-factor enhancement in electron spin resonance in InAs/AlSb 
quantum well heterostructures.  
Spin-resonance energy is traditionally described in terms of effective 
“magnetooptical” g-factor (4.21). Figure 4.5 demonstrates the results of calculating the 
“magnetooptical” g-factor values SRg , measured in ESR, in narrow-gap InAs/AlSb QW 
heterostructures with symmetric “built-in” electric field as a function of magnetic field. The 
black curve corresponds to the “single-particle” g-factor values, obtained in the Hartree 
approximation. The green curve conforms to the values, obtained by taking into the electron-
electron interaction. Arrows indicate the values of magnetic field corresponding to even 
filling factors of Landau levels. Pronounced spin-orbit coupling and subband nonparabolicity, 
which is automatically included in the 8-band k·p Hamiltonian, leads to the enhancement of 
“magnetooptical” g-factor compared with the “single-particle” values, i. e. Larmor theorem 
violation in InAs/AlSb QW heterostructures. It is clear that the enhancement induced by the 
electron-electron interaction is reduced with increasing magnetic field. 
 
 
 
 
Fig. 4.5. “Magnetooptical” g-factor, measured in ESR, in 15 nm InAs/AlSb QW 
heterostructures with symmetric “built-in” electric field and 2D electron concentration 
of 8.16·1011 cm-2. 
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It was shown in section 4.2 that the first-order corrections to the Coulomb interaction 
to the ESR energy at fixed Landau level index n have the following form: 
23
21
~~)( BCBCB +≈∆ ,    (4.24) 
that leads to a divergence of the g-factor values SRg  in weak magnetic fields, observed in 
Fig. 4.5. 
As mentioned above, if we neglect the effects, associated with the forces of 
electrostatic images, the corrections to the energy of to all “single-pair” excitations in the 
long-wavelength limit are given by (4.24). We note that values of effective “magnetooptical” 
g-factor9 SFg  can also be determined from measurements of the energies of SF-excitations in 
2D electron gas (see section 1.4). Qualitative arguments presented above suggest that the 
values of SFg  in 2D electron gas also diverges in weak magnetic fields. In particular, in paper 
[99] SF- and MP-excitations at filling factor ν =1 in Al0.33Ga0.67/GaAs QWs with different 
widths were studied by inelastic light scattering. By analyzing the difference in energies of 
the SF- and MP-excitation in the long-wavelength limit, the SFg  values of 2D electron g-
factor were determined (see Fig. 3 in [99]). The authors in [99] found out the divergence of g-
factor values SFg  in weak magnetic fields, similar to the divergence of SRg , shown in 
Fig. 4.5. Thus, any “magnetooptical” g-factor values, determined from ESR or by measuring 
the energies of different spin flip excitations, are diverging in weak magnetic fields due to the 
contribution of electron-electron interaction. Further, under “magnetooptical g-factor” will be 
understood the values SRg , measured in spin resonance. 
Fig. 4.6 shows the quasiparticle g-factor, measured in magnetotransport experiments 
(see Chapter 3), and the values of magnetooptical g-factor SRg  in InAs/AlSb QW 
heterostructures at different Landau levels widths. It is seen that “magnetooptical” g-factor 
SRg  at even filling factors coincide with the quasiparticle g-factor values *g , defined by 
(3.21). We note that the coincidence will take place until the densities of states at adjacent 
spin-split Landau levels do not overlap. The difference between SRg  and *g  is caused by the 
spin exciton binding energy, which partially compensates for the enhancement associated 
with the exchange interaction of excited electrons and holes with 2D electron gas. 
                                                 
9
 Due to the electron-electron interaction the values of “magnetooptical” g-factor SRg , 
measured in spin resonance, and SFg , determined by the difference in energies of the SF- and 
MP-excitations, are different. 
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The values of SRg  and *g  as a function of the 2D electron concentration at different 
Landau levels widths and magnetic field values are shown in figures 4.7 and 4.8. The red, 
blue and brown curves correspond to the quasiparticle g-factor, calculated at different values 
of parameter 0. The green curve describes the behavior of “magnetooptical” g-factor, 
measured in spin resonance experiment. The black curve in Fig. 4.7 and 4.8 corresponds to 
the “single-particle” g-factor at the Fermi energy in the AlSb/InAs/AlSb QW with symmetric 
“built-in” electric field. It is seen that the enhancement of SRg  as compared to the “single-
particle” values increases with increasing of 2D electron concentration. In addition, the 
electron-electron interaction in narrow-gap InAs/AlSb heterostructures leads to a sublinear 
dependence of “magnetooptical” g-factor SRg  on 2D electron concentration at a fixed Landau 
level index n. 
Unfortunately, until now there are no results of experimental studies of ESR in 
narrow-gap QW heterostructures with 2D electron gas in perpendicular magnetic fields have 
been published. Despite the fact that this chapter presents the calculations of the spin exciton 
energies and “magnetooptical” g-factor in InAs/AlSb QW heterostructures, the results, 
obtained here, can be used for a analysis of ESR measurements in any narrow-gap QW 
heterostructures with non-parabolic electric subbands, which are satisfactorily described by 8-
band k·p Hamiltonian. 
 
 
Fig. 4.6. The g-factor of 2D electrons, measured in ESR (green curve) and 
magnetotransport experiments (red, blue and brown curves) in InAs/AlSb heterostructures 
with “symmetric” quantum wells of 15 nm wide and 2D electron concentration of 
8.16·1011 cm-2. 
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Fig. 4.7. The values of “magnetooptical” g-factor (green curve) and quasiparticle g-
factor (red, blue and brown curves) in InAs/AlSb heterostructures with a 15 nm QW 
and symmetric “built-in” electric field as a function of 2D electron concentration in 
magnetic fields of 2T and 4T. 
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Fig. 4.8. The values of “magnetooptical” g-factor (green curve) and quasiparticle g-
factor (red, blue and brown curves) in InAs/AlSb heterostructures with a 15 nm QW 
and symmetric “built-in” electric field as a function of 2D electron concentration in 
magnetic field of 6 T. 
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Chapter 5. Cyclotron resonance in InAs/AlSb quantum well het-
erostructures. 
5.1. Cyclotron resonance study in InAs/AlSb heterostructures with single 
occupied electric subbands. 
Cyclotron resonance (CR) is an efficient method to study various spin-dependent 
effects in 2D systems associated with the spin-orbit coupling and subbands nonparabolicity. 
As noted in Chapter 1 and 2, in the absence of spatial inversion center, the spin-orbit 
coupling in 2D systems lifts the spin degeneracy in the energy spectrum of charge carriers in 
zero magnetic field. By applying magnetic field, perpendicular to the structure plane, instead 
of two spin subbands two “ladders” of the Landau levels with different cyclotron energies 
appear. The difference in the cyclotron energies, induced by spin-orbit coupling can be 
measured experimentally. A narrow-gap A3B5 heterostructures exhibit small effective mass of 
charge carriers and, consequently, large cyclotron energies in applied magnetic field. 
Therefore, narrow-gap QW heterostructures are especially promising for such experiments. 
In accordance with Kohn theorem [1] in 2D systems with complete translational 
symmetry electron-electron interaction does not affect the CR frequency. However, as noted 
in Chapter 1, the effects of Coulomb interaction in CR spectra can essentially be observed in 
2D systems with non-parabolic electric subbands [2-5]. Since narrow-gap semiconductors, 
such as InAs, InSb, HgTe, etc., are characterized by a pronounced nonparabolicity of the 
conduction band, heterostructures based on these semiconductors are also promising to study 
the effect of electron-electron interaction on the CR lines position in systems with 2D electron 
gas (a Kohn theorem violation). Present chapter is devoted to the CR study in InAs/AlSb QW 
heterostructures with non-parabolic energy-momentum law in electric subbands (see 
Chapter 1). 
Investigations of CR in the InAs/AlSb heterostructures were performed in [18-21, 56, 
125-129]. In low magnetic fields the cyclotron mass of 2D electrons was found to depend on 
concentration due to the nonparabolicity of the conduction band [19, 21, 56, 125, 126]. The 
concentration in the structures was varied by using the persistent photoconductivity effect (see 
Chapter 2) under illumination of the light with different wavelengths (Fig. 5.1). Typical 
values of the cyclotron masses in the samples with 15 nm QW and 2D electron concentration 
of 1011-1012 cm-2 were found to be 0.032m0-0.037m0. 
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In papers [20, 56, 127, 128], splitting of the CR lines, correlated with the Landau lev-
els filling factor, was discovered in quantizing magnetic fields. Typical CR spectra [20], in 
which the splitting of CR lines correlates with the filling factor of Landau levels, are 
presented in Fig. 5.2. Strong splitting of a CR line due to the non-equidistant spacing of Lan-
 
Fig. 5.2. Normalized CR spectra in steps of 0.2 T in InAs/AlSb QW heterostruc-
tures [20]. Arrows indicate the CR line position at integer filling factors ν. 
 
Fig. 5.1. Typical CR spectra in InAs/AlSb QW heterostructures in magnetic field 2 T af-
ter illumination with a blue LED [126]. The CR line is shifted to the low energy side with 
increasing of the 2D electron concentration, meaning that the cyclotron mass increases. 
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dau levels (m*-splitting) was observed for odd filling factors. For even filling factors the 
splitting was weak due to the difference of the g-factor at the Landau levels with different in-
dices (g*-splitting), related to the conduction band nonparabolicity. The position and value 
of the CR lines splitting were in good agreement with the results of self-consistent calculation 
within the Hartree approximation [130]. In paper [129], splitting of the CR line corresponding 
to the transitions from the lowest pair of the spin-split Landau levels was studied versus tem-
perature (T = 13-300 K) in pulsed magnetic fields (B = 40-50 T). The maximum of the line 
corresponding to the transition from the upper occupied split Landau level was shifted, as the 
temperature was decreased from 300 K to 13 K (the 2D electrons concentration reduced to 
about a half), towards weak magnetic fields, the line amplitude was simultaneously reduced to 
zero. Taking into account the results of Asano and Ando theory [3], the observed features in 
the CR spectra were interpreted as a manifestation of the electron-electron interaction in cy-
clotron resonance. 
Figure 5.3 shows the results CR study in InAs/AlSb heterostructures with width a 15 
nm QW obtained in Institute for Physics of Microstructures Russian Academy of Science 
(IPM RAS). In the right panel of Fig. 5.3 typical CR spectra in weak magnetic fields at 
different energies of backward-wave tube (BWT) are presented. The sample parameters are 
given in Table 5.1. Manufacturing technique of the InAs/AlSb heterostructures with single 
quantum wells [56] is similar to growth technology of the samples with double quantum 
wells, described in Chapter 2. In CR studies the samples were 5×5 mm2 square shapes with 
two strip ohmic contacts at the edges, designed also for magnetoresistance measurements. The 
samples were mounted in an inset placed in a storage liquid-helium STG-40 Dewar flask. We 
used the OV-30 and OV-74 backward-wave tubes as radiation sources; these tubes covered 
frequency ranges of 160-340 and 490-710 GHz, respectively. The measurements were per-
formed at T = 4.2 K, with constant radiation frequency of the BWTs and sweeping of the 
magnetic field applied perpendicularly to the samples surface and parallel to the propagation 
of the BWT radiation. The radiation was modulated by using a chopper at a frequency f  200 
Hz. The radiation, transmitted through the structure, was detected by an n-InSb photodetector. 
We used a conventional scheme of lock-in amplification. The signal from the output of the 
lock-in amplifier was digitized an analog-to-digital converter and was recorded as a function 
of the magnetic field. To prevent the interference effects during CR measurements, the sub-
strates of the sample structures were wedged with an angle of 2. In addition to the total 
concentration nsHall determined from Hall effect measurements, the Table 5.1 lists the electron 
concentration, determined from Fourier analysis of Shubnikov-de Haas oscillations nsSdH and 
oscillations of submillimeter photoconductivity nsPC. Cyclotron mass of 2D electrons was 
extracted from the value of the resonance magnetic field corresponding to the position of CR 
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line. The observed increase of the cyclotron mass with increasing concentration is typical for 
2D systems with non-parabolic energy-momentum law in electric subbands. In InAs/AlSb 
QW heterostructures this dependence was also observed in [19, 21, 56, 125, 126]. 
 
 
 
In order to interpret the experimental results, we calculated the values of cyclotron 
mass at the Fermi energy in the first electric subband taking into account the Rashba spin 
splitting (see subsection 2.3) in the Hartree approximation, described in subsection 2.1. The 
red and blue curves in the left panel of Fig. 5.3 correspond to the cyclotron mass at the Fermi 
energy in the upper and lower spin subbands, respectively. In addition to the cyclotron mass 
of the samples A1170, A856, A839 and B824, studied at IPM RAS, the results of the CR 
study in 15 nm AlSb/InAs/AlSb QWs, obtained in [126], are also given in Fig. 5.3. As it is 
seen, there is a good agreement between theoretical calculations and experimental data in the 
samples with single electric subband occupied. Unfortunately, the width of CR lines does not 
allowed to observe the splitting of the line, induced by the Rashba spin splitting in electric 
subbands, which at typical concentration values in InAs/AlSb heterostructure with a 15 nm 
QW is about 1 meV (see Section 2.3). 
 
Fig. 5.3. Cyclotron mass at the Fermi energy in InAs/AlSb QW heterostructures with a 15 
nm QW versus 2D electron concentration (left panel). Typical CR spectra for the undoped 
InAs/AlSb QW heterostructures in weak magnetic fields (right panel). The sample number 
and the BWT energies are indicated. 
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Table 5.1. The sample parameters of undoped InAs/AlSb QW heterostructures at T = 4.2 K. 
 
The results of the CR study mentioned above relate to the weak magnetic fields, under 
the condition: 
1>>ν ,     (5.1) 
 
where ν is the filling factor of Landau levels. Particular interest to study the cyclotron 
transitions in magnetic fields, in which the condition (5.1) is not fulfilled, i.e., there are just a 
few filled Landau levels in the 2D system. Such magnetic fields are usually called quantizing. 
We note that in quantizing magnetic fields, the form and position of the lines in CR spectra 
are determined not only by the cyclotron energy but also by the density of states at the Landau 
levels involved in the transition. As noted in Chapter 3, the density of states at the Landau 
levels is determined by a random potential of impurities in actual structures. Since the random 
potential characteristics may vary from sample to sample, a critical criterion in our interpret-
ing the results of the experimental study of InAs/AlSb heterostructures was the reproducibility 
of the effects observed in the CR spectra in quantizing magnetic fields. 
Figures 5.4-5.6 are the typical CR spectra in the samples T336, T338, T340 with dif-
ferent QW width (see Table 5.2), measured in static magnetic fields up to 10 T. The meas-
urements were carried out in the Laboratoire National des Champs Magnétiques Intenses in 
Grenoble (LNCMI-G). The samples were arranged in a lightguide inserted in a helium cry-
ostat in the centre of a superconducting solenoid. Studies of CR were performed with a 
BRUKER 113V Fourier-transform spectrometer at T = 2 K. The magnetic field was oriented 
normally to the samples surface (Faraday configuration). The radiation transmitted through 
the structure was detected with a Si composite bolometer. All transmission spectra measured 
in magnetic fields were normalized by the transmission spectrum in a zero magnetic field. An 
optical fiber was used for the blue LED illumination of heterostructures. Unlike in [16, 21, 
32], in our experiments we had to use a continuous illumination of samples because of the 
stray IR emission getting into the lightguide insert to considerably reduce the concentration of 
2D electrons in the InAs/AlSb test samples. Besides, we employed a double-contact geometry 
Sample ns
Hall
, 
1012 cm-2 
ns
SdH
, 
1012 cm-2 
ns
PC
, 
1012 cm-2 
µ, 
105 cm2/V⋅s mc/m0 
A1170 – – 0.27 – 0.029 – 0.031 
A856 0.65 0.64 0.63 3.9 0.032 – 0.036 
A839 0.68 0.66 0.67 2.5 0.033 – 0.037 
B824 0.95 0.83 0.82 4.4 0.034 – 0.036 
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for measuring the samples magnetoresistance (Shubnikov-de Haas oscillations), which al-
lowed us to determine the 2D electrons concentration in an AlSb/InAs/AlSb quantum well 
during CR measurements. The transmission peculiarities observed at 218 cm-1 and 230.5 cm-1 
relate to the radiation absorption by the TO phonons in InAs and the GaSb layers, respectively 
[131]. At energies ranging from 250 cm-1 to 300 cm-1 and from 320 cm-1 to 330 cm-1, corre-
sponding to the phonon absorption bands in the GaAs and AlSb layers, we failed to detect the 
radiation transmitted through the sample. 
 
 
As seen from Figs 5.4-5.6, the CR lines split in the magnetic fields corresponding to 
the odd filling factors due to nonequidistant spacing of Landau levels (m*-splitting). In the 
fields corresponding to the even filling factors of the Landau levels, the samples T338 and 
T340 characterized by a high electron mobility (see Table 1) exhibit splitting of the CR lines, 
that is attributed to the difference of the effective g-factor at the Landau levels with different 
indices (g*-splitting). It is clearly seen that the CR lines for transitions with partially filled 
Landau levels split into three peaks, this being best manifested in the CR spectra of the sam-
ples T338 (Fig. 5.5) and T340 (Fig. 5.6). By fitting the “nearly” split lines in the CR spectra 
two or three Lorentz profiles we sought the energy values for the cyclotron transitions. 
 
 
Fig. 5.4. Cyclotron resonance spectra in the sample T336. The numbers against the CR 
lines are the magnetic field values expressed in Tesla. The arrows indicate the fields cor-
responding to the integer filling factors of Landau levels. 
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Fig. 5.6. Cyclotron resonance spectra in the sample T338. The numbers against the CR 
lines are the magnetic field values expressed in Tesla. The arrows indicate the fields cor-
responding to the integer filling factors of Landau levels. 
 
Fig. 5.5. Cyclotron resonance spectra in the sample T338. The numbers against the CR 
lines are the magnetic field values expressed in Tesla. The arrows indicate the fields cor-
responding to the integer filling factors of Landau levels. 
 124 
Table 5.2. The sample parameters at T = 2.0 K. 
Sample QW width, nm nsSdH, 1011 cm-2 µ, 105 2/⋅ 
336 12 6.9 1.1 
338 18 7.1 4.4 
340 15 7.3 4.5 
 
 
 
Fig. 5.7. Cyclotron energies in the sample T336. The arrows mark the fields corre-
sponding to the integer filling factors of the Landau levels. The blue dotted line 
corresponds to the TO-phonon energy in InAs. 
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To describe the line position in CR spectra, we calculated the energy of cyclotron 
transitions within the self-consistent “single-particle” Hartree approximation. Details of the 
calculation are given in Chapter 3 (Section 3.1) of this thesis. Figures 5.7-5.9 show the ex-
perimental data and calculations for the CR energies in the samples T336, T338, T340 versus 
magnetic field. For filling factors 4>ν  all samples demonstrate a good agreement between 
theory and experimental results for the energies of cyclotron transitions between different 
Landau levels. Therefore, we were able to reliably identify the cyclotron transitions observed 
in the CR spectra. Calculations of the CR energies in InAs/AlSb QW heterostructures were 
performed assuming that only the GaSb cap layer surface donor states supply electrons to the 
quantum well, resulting in the highest asymmetry of the “built-in” electric field. 
 
Fig. 5.8. Energies of cyclotron transitions in the sample T338. The arrows indicate 
magnetic fields corresponding to integer values of the Landau levels filling factors. 
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A noteworthy feature in the CR spectra is the dependence of the cyclotron transitions 
energies on magnetic field at 3  	  4. One can see that the energy of the transition from the 
lower Landau level (short wavelength transition) increases with increasing magnetic field, in 
agreement with the “single-particle” calculation. However, the energy of the transition from 
the upper, partially filled level is getting progressively lower than the value obtained within 
the Hartree approximation. This effect is clearly shown in the CR spectra of the samples T338 
(see Fig. 5.8) and T340 (see Fig. 5.9). In the CR spectra of the sample T336 this effect can be 
revealed only through the analysis of the CR lines form, by fitting the broadened lines with 
 
Fig. 5.9. Cyclotron energies in the sample T336. The arrows mark the fields corre-
sponding to the integer filling factors of the Landau levels.  
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two Lorentz profiles. By reducing the 2D electron concentration through the negative PPC 
effect we can observe the shift of the CR lines towards the short wavelength end of the spec-
trum due to subband nonparabolicity in AlSb/InAs/AlSb QW. Figure 5.10 shows the CR 
spectra for the sample T338 obtained through application of the blue LED illumination that 
causes the 2D electron concentration to be reduced down to nS = 6.8·1011 cm-2. It should be 
noted that in the entire range of magnetic fields corresponding to the Landau levels filling fac-
tors 4>ν , we also observe a good agreement between the positions of the CR lines and the 
cyclotron energies, calculated within the Hartree approximation.  
The specific effects arising in the CR spectra of the sample T338 due to “enhanced” 
splitting of the CR lines at 3  	  4 become still more pronounced upon blue light illumina-
tion (see Fig. 5.10). Thus, the splitting “enhancement”, observed in samples T336, T338, 
T340 at dark concentration, is also reproduced in the CR spectrum of the sample T338 for re-
duced 2D electron concentration by the blue LED illumination. This is indicative of the fact 
that such splitting enhancement cannot be induced by the electron-phonon interaction ex-
pected to show up in the spectral band near the LO phonons frequencies (polaron effect) in 
the InAs layer (242 cm-1) and AlSb barriers (334 cm-1) [18, 20]. We believe that the experi-
mentally observed splitting “enhancement” of the CR line at filling factors 3  	  4 (see Figs 
5.7-5.10), that occurs through a shift of the cyclotron transition from the partially filled Lan-
dau level towards the long wavelength end of the spectrum, to be a manifestation of the elec-
tron-electron interaction. The InAs/AlSb QW heterostructures are characterized by strong 
nonparabolicity of the energy-momentum law in electric subbands. The Kohn theorem [1] 
does not hold in such 2D systems, hence, electron-electron interaction is likely to affect the 
absorption energy in CR. 
In 2D systems with parabolic subbands Landau levels with the same spin are equally 
spaced, and high-frequency conductivity at CR is determined by the long wavelength limit of 
a magnetoplasma mode (see Chapter 1). Other modes in a 2D electron gas are not infrared 
active in the long wavelength limit, so they do not contribute in the dynamical conductivity 
that determines absorption of an electromagnetic wave in a sample, and this is in agreement 
with the Kohn theorem. In narrow gap 2D systems such as AlSb/InAs/AlSb QW, due to the 
nonequidistant spacing of the Landau levels, feature a number of magnetoplasma modes with 
different energies infrared active in the long wavelength limit. Electron-electron interaction 
leads to a mixing of the magnetoplasma modes and, hence, a shift of the line position in the 
CR spectrum (Kohn theorem violation). This problem will be considered in details in sec-
tion 5.3, where, the generalization of MacDonald-Kallin-Bychkov model, based on k·p Ham-
iltonian, will be developed in order to describe the electron-electron interaction effect on CR 
energies. 
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Fig. 5.10. CR spectra for the sample T338 at nS = 6.8·1011 cm-2 obtained by the blue light 
assisted reduction of 2D electron concentration. The numbers against the CR lines are the 
magnetic field values expressed in Tesla. The arrows indicate the fields corresponding to 
the integer filling factors of Landau levels. 
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We should separately treat the CR in the energy range above the phonon absorption 
bands in AlSb and GaAs. Figure 5.11 offers CR spectra for the sample T338 in a 12  
magnetic field, obtained at different values of 2D electron concentration being reduced 
through the PPC effect. The CR spectra exhibit one or two peaks that correspond to 
transitions from the two lower Landau levels. The dark electron concentration in 
AlSb/InAs/AlSb QW in these measurements made 7.1.1011 m-2, which in the 12 T magnetic 
field corresponds to the filling factor 	  2.45. We failed to observe it in the given magnetic 
field the CR line for transition from the third, partially filled, Landau level falls within the 
phonon absorption band. As the electron concentration is reduced under blue light illumina-
tion, the right-hand peak was intensified due to decreasing occupation of the upper (third) 
Landau level, and shifted towards the short wavelength region of the spectrum. We note that a 
similar behavior of the CR spectral lines in sample the T340 was observed in [18] for close 
values of the Landau levels filling factors. 
 
 
 
Figure 5.12 shows CR spectra for the sample T338 in magnetic field of 13  at 
different concentration values. At the dark value of 2D electron concentration 7.1·1011 m-2, 
which in a given magnetic field conforms to the filling factor 	  2.26, three peaks are 
observed in CR spectrum corresponding to the transitions from the three lower Landau levels 
in the AlSb/InAs/AlSb QW. With a decrease of the filling factor down to 	  2.16 
(nS = 6.8·1011 cm-2) by the blue LED illumination only two peaks, corresponding to transitions 
from the two lowest Landau levels, remain in the CR spectrum. A further decreasing of the 
 
Fig. 5.11. CR spectra in the sample T338 under magnetic field B = 12 T for different 
intensities of the blue LED illumination. 
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2D electron concentration slacks the left-hand peak intensity and leads to the peak shift to-
wards the long wavelength region of CR spectrum, whereas, the right peak is shifted towards 
the higher energy region. 
 
 
 
For theoretical description of the spectrum one needs to calculate the shape and 
position of CR lines that are determined by the real part of dynamic conductivity [132]. In the 
δ-correlated random potential model, the expression for high-frequency conductivity at zero 
temperature has the form [132, 133]: 
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Details of the calculation of the dynamical conductivity in AlSb/InAs/AlSb QWs are given in 
Section 5.3 of this chapter. 
 
Fig. 5.12. CR spectra for the sample T338 in a magnetic field B = 13 T at differ-
ent intensities of the blue LED illumination. 
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In Fig. 5.11 we present the results of numerical calculation of high-frequency conduc-
tivity in 12 T (left panel) and 13 T (right panel) magnetic fields for various values of 2D elec-
tron concentration. Our calculations, performed within “single-particle” Hartree approxima-
tion, show that with a decrease in the concentration values from 7.0·1011 cm-2 to 6.0·1011 cm-2 
right-hand peak, corresponding to the transition from the lowest Landau level, exhibits a weak 
shift towards the long wavelength region, associated with a decrease in the Rashba spin 
splitting induced by the “built-in” electric field, whereas the middle peak in CR spectrum is 
shifted towards the higher energy region. As it seen from Fig. 5.11, the CR line position at 
2.5·1011 cm-2 almost coincides with maximum of the right-hand peak at 7.0·1011 cm-2. 
Another noteworthy peculiarity in Figs 5.11-5.13 is the difference in the intensities of 
the CR lines observed experimentally and as calculated in the Hartree approximation. Thus, 
the short wavelength transition from the lower Landau level for a 7.1.1011 m-2 dark concen-
tration of 2D electrons in the CR spectrum of the sample T338 in magnetic field of 12 T 
(Fig. 5.11) is practically invisible, which contradicts the line calculations in the Hartree ap-
proximation, by which this transition should be observed (Fig. 5.13). 
 
 
 
The difference in the intensities of the experimental and theoretical lines in the CR 
spectra is, in our opinion, also related to the exchange interaction. It should be noted that, in 
accordance with the Kohn theorem in the parabolic subband, only the cyclotron frequency, 
i.e. position of the CR line peak, is unaffected by electron-electron interaction. However, the 
intensity of a CR line, depending on the oscillator strengths may vary due to electron-electron 
interaction even in parabolic subband. As mentioned above, there is a number of magneto-
 
Fig. 5.13. High-frequency conductivity in sample T338 in magnetic fields of 12 T (left panel) 
and 13 T (right panel) for different values of 2D electron concentration in QW, 
0 = 0.15 meV. 
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plasma modes infrared active in the long wavelength limit in 2D systems with non-parabolic 
subbands. Electron-electron interaction mixes the magnetoplasma modes that leads to chang-
ing in the positions and intensities of CR lines in the spectrum. We note that shifting of the 
CR line with a lowering concentration, given a 	 < 1 filling factor, towards the region of high 
cyclotron energies under a fixed magnetic field (see Figs 5.11, 5.12, [18]) is equivalent to a 
shift of the CR line towards the lower magnetic fields region at a fixed value of the incident 
radiation wavelength. H. Arimoto [129] was the first who discovered such shift of CR line in 
InAs/AlSb QW heterostrucutures. Taking into account the results of the theory by Asano and 
Ando [3], the observed line shifts in the CR spectra were interpreted as manifestation of the 
electron-electron interaction in CR.  
The similar line shift towards the lower magnetic fields region we observed in the CR 
spectra of the sample T340, measured at a fixed value of the incident radiation wavelength. In 
CR studies we used the samples with 5×5 mm2 square shapes with two strip ohmic contacts at 
the edges, designed also for magnetoresistance measurements. Pulsed field measurements up 
to 55  were performed at T = 4.2 
 in the Dresden High Magnetic Field Laboratory (HLD). 
The coil produces roughly 150 ms long pulses with a rise time close to 12 ms. The experi-
ments in a pulsed magnetic field were performed in the Faraday configuration. The excitation 
light was guided by a polished stainless steel waveguide to the sample mounted in the center 
of the coil. The transmitted light was then focused on a Si: B Blocked Impurity Band 
photodetector installed 200 mm below the sample to minimize the modulation of the sensitiv-
ity by magnetic field. In addition to the main waveguide, we used a reference one, containing 
no sample, in order to compensate possible fluctuations of the excitation source intensity. As 
the excitation source, we used the free-electron laser facility with  = 10-30 micron at the 
Forschungszentrum Dresden-Rossendorf (FELBE). The FELBE is capable of delivering a 
continuous train of short Fourier-limited pulses with a 13 MHz repetition rate. Therefore, no 
synchronization of the FEL with the magnetic field pulses is necessary. In measurements of 
CR in HLD, in order to change the concentration of 2D electrons in the InAs/AlSb QW het-
erostructures we used the blue LED lighting, as in the LNCMI-G experiments. The 2D elec-
tron concentration was determined through measurements (along with the CR spectra) of the 
samples magnetoresistance, using the double-contact geometry. 
Figure 5.14 shows the typical CR spectra for sample T340 in pulsed magnetic fields 
up to 55 T, obtained at different values of the 2D electron concentration varying through the 
PPC effect at different wavelengths of FEL radiation. CR spectra in the magnetic fields above 
16 T exhibit one line that corresponds to the transition from the lower Landau level. One can 
see that at all wavelengths of the FEL radiation the spectral line shifts, as the 2D electrons 
concentration reduces, towards the region of lower magnetic fields, which is indicative of a 
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rise in the energy of cyclotron transitions (at a constant magnetic field). To interpret the pecu-
liarities observed in the CR spectra in pulsed magnetic fields, we calculated CR lines in the 
Hartree approximation. The estimated CR lines for various concentrations of 2D electrons are 
illustrated in Figure. 5.15. Our calculations show that a decrease in 2D electron concentration 
at given filling factor 	 < 1 and a fixed magnetic field indeed causes a spectral line to shift 
towards the short wavelength end of the spectrum, the shift depending on the Landau levels 
broadening. When calculating the CR lines in sample T340 in pulsed magnetic fields, we used 
the value 0.15 meV for parameter 0 that determines the Landau levels width in the specified 
magnetic field (Eq. (3.2)). This value is the upper estimate, obtained from analysis of the ex-
perimental data on the electron mobility (see Table 5.2). As seen from Figs 5.14 and 5.15, in 
pulsed magnetic fields the experimental shift of the CR line, induced by a decreasing electron 
concentration is largely in excess of the shift due to broadening of the Landau levels, calcu-
lated in the Hartree approximation. 
We note that in the calculation of high- frequency conductivity, shown in Figs 5.13 
and 5.15, the dependence of the density states at the Landau levels on the 2D electron 
concentration was neglected, and the Gaussian profile (3.1) for the DOS was used at all 
concentration values. Utilization of the blue LED illumination allows one not only to reduce 
the concentration of the 2D electron gas in InAs/AlSb QW heterostructures but also leads to 
modifications in the distribution of the residual donors in the AlSb barriers and GaSb cap 
layer. This could change not only the width but also the shape of the density of states at the 
Landau levels, which depends on the donor concentration and the correlation length of the 
random potential in each sample [123, 124, 132]. Therefore, strictly speaking, the magnitude 
of the CR line shift towards the lower magnetic fields region of the spectrum at 	 < 1 filling 
factors with 2D electron concentration decreasing, in addition to the electron-electron 
interaction [129], can also be associated with changes in details of the density of states under 
the blue LED illumination. 
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Fig. 5.14. CR spectra in sample T340 in pulsed magnetic field, measured at different 
wavelengths of FEL radiation and different values of 2D electron concentration, reduced 
by the blue LED illumination. 
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Fig. 5.15. High-frequency conductivity in the sample T340 in pulsed magnetic field at dif-
ferent values of FEL radiation wavelengths and 2D electron concentration, 0 = 0.15 meV. 
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5.2. Cyclotron resonance study in InAs/AlSb heterostructures with two 
occupied electric subbands. 
Pronounced nonparabolicity of the conduction band in bulk narrow-gap 
semiconductors leads to a mixing of electron motion in plane and perpendicular to quantum 
well in narrow gap heterostructures10 as well as dependence of the energy-momentum law in 
electric subbands on the QW width. Particularly, a dependence of cyclotron mass of 2D 
electrons on QW width in InAs/AlSb heterostructures with single occupied electric subband is 
observed experimentally (see Section 5.1). We note that in these heterostructures the 
dependence of the cyclotron mass on the subband index nz should also be observed. This 
section is devoted to the CR study in doped InAs/AlSb QW heterostructures with two 
occupied subbands. 
 
 
 
                                                 
10
 See, for an example, formulae (2.19) and (3.8) for 8-component wave function of 2D elec-
trons in QW heterostructures with non-parabolic electric subbands. 
 
Fig. 5.16. Results of the self-consistent calculation of the QW profiles in the samples 
a) B1445 and b) B1485 in zero magnetic field. The red lines correspond to the first and 
second electric subband energies at zero wave vectors in the structure plane. 
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We studied two samples B1445 and B1485 with 15 nm QWs which differ in doping 
geometries of the barriers. In the sample B1445 the δ-doping with Te (using a Ga2Te3 crucible 
evaporator) of the upper and lower AlSb barriers at a distance of 15 nm from the InAs QW 
was performed and in the sample B1485 only the lower AlSb barrier was doped. The 
concentration and mobility of 2D electron gas was determined from the measurements of Hall 
effect and Shubnikov-de Haas (SdH) oscillations in weak magnetic fields. The sample 
parameters at T = 2 K are given in Table 5.3. Figure 5.16 is the results of self-consistent 
calculations of the QW profile in the B1445 and B1485 samples in zero magnetic fields and 
the energies of the first and second electric subbands at zero wave vectors in the structure 
plane. Our calculations show that the distance between the first and second subbands in the 
B1445 and B1485 samples differ and depend on the self-consistent potential, which distorts 
the energy QW profile. Thus, in B1445 sample with double-side doped AlSb barriers and 
symmetrical QW profile, the distance between the first and second subband is 130 meV, in 
B1485 sample with asymmetrical QW profile the distance between electric subbands is 145 
meV at zero magnetic field at zero wave vector values. 
 
. 5.3. Table 5.2. The doped sample parameters at T = 2.0 K. 
 
 
 
 
 
 
Sample nsI, 1011 cm-2 nsII, 1011 cm-2 µ, 105 cm2/V⋅s 
B1445 17.25 5.75 1.1 
B1485 15.70 2.40 0.9 
 
Fig. 5.17. The SdH oscillations in symmetrically doped B1445 sample (left panel). The results 
of Fourier analysis of SdH oscillations in magnetic fields up to 3.5T are given in the right 
panel. 
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The results of SdH oscillation measurements, performed to determine the electron 
concentration in the B1445 sample, are given in Figure 5.17. It is seen that the SdH 
oscillations appear in magnetic field 1.5 T, which corresponds to the lower electron mobility 
values in InAs/AlSb QW heterostructures with two occupied subbands, as compared with 
single occupied subband samples. Strongly pronounced beatings of the magnetoresistance 
oscillations indicate that electrons occupy two electric subbands in symmetrically doped 
B1445 sample. Fourier analysis of the SdH oscillations in weak magnetic fields (up to 3.5T) 
shows that the electron concentration in the first and second electric subbands is 
17.25·1011 cm-2 and 5.75·1011 cm-2 respectively. We pay attention to the fact that in quantizing 
magnetic fields the electron concentrations in the subbands will differ from the values 
determined by analyzing of magnetotransport measurements in weak magnetic fields. 
Figure 5.18 is the SdH oscillations in the B1485 sample. Fourier analysis of the SdH 
oscillations in weak magnetic fields (up to 3.5T) indicates that the electron concentration in 
the first and second electric subbands is 15.70·1011 cm-2 and 2.40·1011 cm-2 respectively. 
Single-side doping of the AlSb barriers leads to an asymmetric “built-in” electric field 
distorted the QW profile, which in turn resulting, via spin-orbit coupling, leads to the splitting 
of the 2D energy spectrum in the InAs/AlSb QW heterostructures in zero magnetic field (see 
Chapter 2). However, due to low electron mobility in InAs QWs with two occupied electric 
subbands associated with electron-electron scattering (SdH oscillations occur in a magnetic 
field 1.6T), the difference in concentrations of electron with opposite spins in each electric 
subband can not be determined through the Fourier analysis. We note that the difference in 
the distance between electric subbands in the B1445 and B1485 samples is one of the reasons 
 
Fig. 5.18. The SdH oscillations in asymmetrically doped B1485 sample (left panel). The 
results of Fourier analysis of SdH oscillations in magnetic fields up to 3.5T are shown in 
the right panel. 
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for the strong difference in the subband concentration ratio in weak magnetic fields, which is 
equal 3 in B1445 and over than 6.5 in B1485 sample. 
 
 
 
Typical CR spectra of the symmetrically doped B1445 sample, measured at T =4.2 K 
in the Laboratoire National des Champs Magnétiques Intenses in Grenoble (LNCMI-G), are 
shown in figure 5.19. In the energy range from 250 cm-1 to 300 cm-1 and from 320 cm-1 to 330 
cm-1, corresponding to the phonon absorption bands in GaAs and AlSb, we could not detect 
the radiation transmitted through the sample. We also could not perform satisfied CR 
measurements above the phonon absorption bands. As it is seen from Fig. 5.19, the large CR 
line splitting into two lines is clearly observed. The splitting in the sample B1445 is not 
correlated with the Landau level filling factor. This fact indicates that the observed splitting 
can not be associated with g*-splitting at even filling factor values or with m*-splitting at 
the odd Landau level filling factors. 
Figure 5.20 shows the typical CR spectra of the asymmetrically doped B1485 sample. 
The features, associated with the radiation absorption by TO phonons in InAs (218 cm-1) and 
GaSb cap layer (228 cm-1), are clear observed in the transmission spectra. As it is seen from 
Fig. 5.19. CR spectra in the symmetrically doped B1445 sample measured at different 
magnetic fields (the field values in Tesla are given below the curves). The arrows in-
dicate integer values of the Landau level filling factor. 
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Fig. 5.20, the line splitting in the CR spectra is not observed. However, in magnetic field 
range from 9.75T to 10.75T the line shape in the spectra is changing that indicates the 
inhomogeneously broadening, associated with two close energies (within the CR line width) 
of cyclotron transition. 
 
 
 
To interpret the line splitting observed in the CR spectra in the samples B1445 and 
B1485, calculations of cyclotron energies in AlSb/InAs/AlSb QWs with symmetrical and 
symmetrical profiles were performed. The results of our numerical calculations within the 
self-consistent Hartree approximation are given in Figs 5.21 and 5.22. The black curves 
correspond to the cyclotron energies in the first electric subband, the red ones to the 
transitions in the second subband. In order not to overload Fig. 5.21, we have shown only 
twelve CR transitions in the first subband. The strong nonparabolicity of energy-momentum 
law in electric subbands in AlSb/InAs/AlSb QW leads to the nonequidistant spacing of the 
Landau levels and nonlinear dependence of the cyclotron energies on the magnetic field, 
Landau level and electric subband indices. At fixed magnetic field values, at higher energy, 
the Landau levels in the AlSb/InAs/AlSb QW “get closer” that decreases the CR transition 
energies in electric subbands with increasing Landau level indices. The blue dots in Figs 5.21 
and 5.22 correspond to the experimental values of the cyclotron energies determined from the 
 
Fig. 5.20. Typical CR spectra in the asymmetrically doped B1485 sample measured at 
different magnetic fields (the field values in Tesla are given below the curves). The ar-
rows indicate integer values of the Landau level filling factor. 
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line positions in the CR spectra. Since the procedure of fitting CR lines by three and four 
Lorentz functions often led to diverse results, to determine the cyclotron transition energies, 
we have restricted ourselves to the fitting by two Lorentz functions. 
 
 
 
Comparison of our calculation results with experimental data indicates that in 
magnetic field 9.5 T, which corresponds to the filling factor ν =10, eight Landau levels in the 
first electric subband and two Landau levels in the second subband in the B1445 sample are 
occupied. As it is seen from Fig. 5.21, the filling factor variation in the magnetic field range 
from 6.75 T to 9.5T is associated with changes in the number of occupied Landau levels in 
the first electric subband. In the given magnetic field range only two Landau levels in the 
second subband are occupied. In magnetic fields lower than 6.75 T the number of occupied 
Landau levels in the second subband starts to increase. The third Landau level in the second 
subband starts to be occupied in magnetic field 6.5 T. In magnetic field 5.75 T, which 
corresponds to the filling factor ν  16.5, the 13th Landau level in the first subband is partially 
filled whereas the 4th Landau level in the second subband starts to be occupied. We note that 
calculation results on the cyclotron transition energies, obtained within the self-consistent 
Hartree approximation, are in good agreement in the whole magnetic field range with 
experimental values of the cyclotron energies determined from the fitting analysis of the lines 
 
Fig. 5.21. The cyclotron energies in two electric subbands in symmetrically doped B1445 
sample. The dots conform to the experimental values of the cyclotron energy. The arrows 
indicate the magnetic fields corresponding to the integer filling factor values. 
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in the CR spectra. The large CR line width due to the low electron mobility values in the 
B1445 sample did not allow one to obtain reasonable values of the cyclotron energies and to 
determine the values of g*-splitting and m*-splitting in each electric subband through the 
line fitting by four Lorentz functions. 
As it is seen from Fig. 5.22, in quantizing magnetic fields (over then 5.5 T) all lines 
observed in the CR spectra in the B1485 sample are associated with the cyclotron transitions 
in the first electric subband only. We have noted above that the electron concentration in the 
subbands in weak magnetic fields in the B1485 sample differs in more than 6.5 times. As the 
magnetic field increases, the degeneracy of each Landau level multiplies and in quantizing 
magnetic fields all electrons occupy the states in the first subband while the states in the 
second electric subband are not filled. 
 
 
 
In agreement with our calculations, the changes in the CR line shape in the magnetic 
field range from 9.75 T to 10.75 T, which conforms to the filling factors 7.67 > ν > 6.96, are 
indeed caused by the implicit m*-splitting of CR lines corresponding to the cyclotron 
transitions in the first electric subband. In addition, the CR line fitting by two Lorentz 
demonstrates the evidence of m*-splitting in the magnetic field range from 7.5 T to 8.5 T 
 
Fig. 5.22. The cyclotron energies in two subbands in symmetrically doped B1445 sample. The 
dots conform to the experimental values of the cyclotron energy. The arrows indicate the 
magnetic fields corresponding to the integer filling factor values. 
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that corresponds to the filling factor values 9.97 > ν > 8.80. At other magnetic field values the 
fitting analysis of the CR lines with two Lorentz functions has revealed contradicting values 
of the cyclotron energies. The reasons for that can be attributed to the low electron mobility 
values in the B1485 sample as compared with single occupied subband samples. Due to this 
fact we could not find out the evidence of g*-splitting in the neighborhood of even filling 
factors of the Landau levels. We note that in general the theoretical values of the cyclotron 
transition energy in the B1485 sample, obtained within the self-consistent Hartree 
approximation, as well as in the B1445 sample, are in good agreement with experimental 
values of the cyclotron energy. 
Thus, the results of CR study in InAs/AlSb QW heterostructures, obtained in 
Section 5.2 of this thesis, reveal pronounced effect of the “built-in” electric field, induced by 
doping geometries of the AlSb barriers, on CR spectra in the samples with two occupied 
electric subbands. The dependence of the cyclotron energies on the electric subband index in 
narrow-gap QW heterostructures is also demonstrated. 
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5.3. Effect of exchange interaction on cyclotron resonance in InAs/AlSb 
quantum well heterostructures. Kohn theorem violation. 
As it noted in Chapter 1, up to now, there is no complete theory for quantitative 
description of the influence of electron-electron interaction on the cyclotron resonance of 2D 
electrons in non-parabolic electric subband. In the existing theoretical papers [2-5, 103] the 
electron-electron interaction is considered in the first order of perturbation theory within the  
“single-pair” excitations approximation (1.29) and matrix elements of the Coulomb 
interaction are calculated by using two-component wave functions of electron states in a 
parabolic subband (MacDonald-Kallin-Bychkov model). The features of the wave functions, 
related to the band structure, were completely ignored in this case, and nonparabolicity was 
taken into account by introducing a phenomenological constant describing the difference in 
the cyclotron energies of different Landau levels. We note that the structure of 2D electron 
wave functions in a parabolic subband in perpendicular magnetic field allows one to consider 
the Landau levels with different spins independently. A consequence of this approach was the 
fact that the electron-electron interaction does not affect the cyclotron resonance at integer 
filling factors of Landau levels ν. In narrow-gap AlSb/InAs/AlSb QW is characterized by 
pronounced nonparabolicity of energy-momentum law in electric subbands. The electron 
motion in magnetic fields in such heterostructures is described by 8-component wave function 
(3.8) of 8-band k·p Hamiltonian (see Sections 5.1, 5.2 and Chapter 3) as a result the state 
with different “spins” at the Landau levels are mixed. Strictly speaking, it can lead to 
additional corrections to the CR energies at integer filling factors of Landau levels. 
This section is devoted to the influence of electron-electron interaction on the energy 
absorption in cyclotron resonance in InAs/AlSb QW heterostructures. The energy of 
magnetoplasmon (MP) excitations is described within approach of “single-pair” excitations 
and the contribution of two-exciton states to the MP-energy in this case is neglected. 
Calculations of CR energies, made by using eigenvalues and 8-component wave functions of 
the 8-band k·p Hamiltonian are compared with the results, obtained within the MKB model. 
As shown in Chapter 4, by taking into account the electron-electron interaction in the 
first order of perturbation theory, the Schrödinger equation for the magnetic exciton in the 
long-wavelength limit takes the following form: 
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The physical meaning of the terms in (5.3) was discussed in Chapter 4. Assuming that the 
energy of the Landau levels (n, i) and (n’, i’) is calculated within the Hartree approximation, 
the second term in (5.13), we shall omit to include it in the definition of inE ,  and ',' inE . 
 
 
 
To calculate the CR energy absorption in single-exciton approximation one can 
consider the basic excitations shown in Fig. 5.23 which correspond to the cyclotron 
transitions in “single-particle” problem [2-5]. In Fig. 5.23, matched the case of ν > 2, 0 and 
0 are the filling factors of partially filled Landau levels. In present basis the effective 
 
Fig. 5.23. Schematic Landau Level diagram showing the basis of single-exciton transi-
tions between different Landau Levels which are taken into consideration in calculation 
of CR energies at ν > 2. 
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Hamiltonian, describing the energies and wavefunctions of the excited states of 2D electron 
gas, can be rewritten as: 
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The exchange corrections )(inΣ  in (5.5) are defined by the expression (3.18). In order to calcu-
late the energies and wavefunctions of the excited states, it is convenient to write the effective 
Hamiltonian mpHˆ  in symmetric form by using the following transformation: 
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We note that the transformation (5.6) does not alter the eigenvalues but allows to express the 
corresponding wavefunctions in a form more appropriate to calculate the CR oscillator 
strengths. As a result mpH
~
 takes the form: 
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where 
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We note that the limit to the parabolic electric subband in Hamiltonian (5.8) can be performed 
by making the substitution (4.17) in formulae (3.18), (5.5) and (5.9). In this limit mpH
~
 reduces 
to the expression obtained by Yu. A. Bychkov [5] and at 2 < ν <3  it transforms to the Hamil-
tonian (1.34) at k = 0. 
In order to calculate the high-frequency conductivity, measured in cyclotron 
resonance, in addition to eigenvalues of mpH
~
 one needs to estimate the matrix element of the 
coordinate, calculated on the wavefunctions of ground and excited states of the system 
described by Hamiltonian (5.8). The coordinate operator in the presence of magnetic field in 
the second quantization representation has the form: 
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Note that in the electric-dipole approximation only transitions in which Landau level index n 
changes by ± 1 without any restrictions on i and i’ contribute to the conductivity. Since we 
restrict ourselves to the excitations shown in Fig. 5.23, then 
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As noted in Section 5.1, in the model of δ-correlated random potential the high-
frequency conductivity of 2D systems at zero temperature is given by (5.2). Meaning by i  
the ground state of the system and considering f  as excited state λ , characterized by the 
energies and wavefunctions of the Hamiltonian (5.8), one can get that 
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where mpEλ  corresponds to the eigenvalues of mpH
~
. Without loss of generality the ground 
state energy of the system 0E  can be set equal to zero. Since the wavefunction of the excited 
state with energy mpEλ  is defined as 
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where ( ))(4)(3)(2)(1)( ,,,ˆ λλλλλ KKKKK =  are the eigenvectors of Hamiltonian mpH~ , then, by using 
the orthogonality of the single-exciton basis functions 0)(
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kA iinn
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, the matrix element of 
coordinate can be written as follows: 
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As a result we obtain the following expression for high-frequency conductivity, which 
determines the absorption line in cyclotron resonance: 
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In the absence of electron-electron interaction Hamiltonian (5.8) takes the diagonal 
form and the conductivity is determined as 
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The calculations of energy absorption and CR lines at filling factor of Landau levels 
less than 2 (n0 = 0) is similar to the case considered above. The expressions for the effective 
Hamiltonian 2~ <νmpH  and high-frequency conductivity are given below: 
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where ( ))(2)(1)( ,~ˆ λλλ KKK =  are the eigenvectors of Hamiltonian 2~ <νmpH . 
 
 
Fig. 5.24. Cyclotron resonance energies in sample T338 with 2D electron concentration of 
nS = 6.8·1011 cm-2 at filling factor of the Landau levels 3 < ν <4. The arrows indicate the 
magnetic fields corresponding to the integer filling factor values. 
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Figure 5.24 depicts the calculations of CR energy absorption in sample T338 with 2D 
electron concentration of nS = 6.8·1011 cm-2 corresponding to filling factor of the Landau 
levels 3 < ν <4. As in Chapter 3, the effect of electron-electron interaction on the shape of 
the density of states at the Landau levels was neglected. We used the value 0.15 meV for 0, 
the parameter that determines the Landau levels width in the specified magnetic field. This 
value is the upper estimate, obtained from the analysis of the experimental data on the elec-
tron mobility (see Table 5.2) based on Eq. (3.2). The black curves show the CR energies, ob-
tained within the “single-particle” approximation. The red curves depict the results of calcula-
tion within single-exciton MacDonald-Kallin-Bychkov model [2-5]. The blue curves conform 
to the energy calculations based on the Hamiltonian mpH
~
 (5.8). The symbols correspond to 
experimental values of CR energies. It is clear that exchange interaction in InAs/AlSb QW 
heterostructures yields the alteration of CR energy absorption i.e. a Kohn theorem violation. 
The CR energies, obtained within MKB model, are in qualitative agreement with our 
numerical calculations, performed by using the effective Hamiltonian mpH
~
. An important 
prediction of both models is that energy absorption which corresponds to the CR transition 
from completely filled Landau level is not affected by electron-electron interaction and only 
CR transitions from partially filled Landau levels are hybridized. 
As it is seen from Fig. 5.24, the energy of CR transition (1, a)  (2, a) from the filled 
Landau level (1, a), calculated by using the effective Hamiltonian mpH
~
, does not differ 
significantly from the values obtained in the “single-particle” approximation, and perfectly 
describes the position of the short-wavelength line in CR spectra depicted in Fig. 5.10. The 
CR transitions (-1, b)  (0, b) and (0, b)  (1, b) involving the partially filled Landau level 
(0, b) are hybridized. It is seen that by taking into account the electron-electron interaction CR 
energy of the transition (0, b)  (1, b) increases with increasing of the magnetic field that is 
in strong contradiction with the experimental data. 
Figures 5.25 and 5.26 depict the calculations of absorption energy and CR lines in the 
sample T338 at different 2D electron concentration in magnetic fields of 12 T and 13 T 
respectively. Symbols correspond to the measured values in cyclotron resonance experiments 
(see Fig. 5.11 and 5.12). As the comparison of Fig. 5.13 with Figs 5.25 and 5.26 shows, the 
electron-electron interaction leads to an increase in the splitting of CR lines corresponding to 
the transitions from two lowest Landau levels. The long-wavelength line in CR spectrum in 
the range of filling factors of 2 < ν < 3 is shifted toward higher energies with decreasing of 
the 2D electron concentration when ν is decreased. In addition, the hybridization of cyclotron 
energies due to electron-electron interaction yields not only to the shift of CR lines but also to 
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a change in their amplitude. The energy of CR transition (-1, b)  (0, b) from completely 
filled Landau level (-1, b), calculated by using the effective Hamiltonian mpH
~
, is in a good 
agreement with the line positions in experimental CR spectra while the CR energies that 
correspond to the transitions (0, a)  (1, a) and (1, a)  (2, a) involving the partially filled 
Landau level (1, a) are in contradiction with the experimental data. For example, in a 13 T 
magnetic field at a 2DEG concentration of nS = 6.8·1011 cm-2, the energy of short-wavelength 
transition exceeds significantly the experimental value (see Fig. 5.12 and 5.26). 
 
 
 
Fig. 5.25. Cyclotron energies (top panel) and CR lines (bottom panel) for a 12 T 
magnetic field in the sample T338 at different concentration of 2D electron gas. The 
arrows show the concentrations corresponding to the integer filling factor values. 
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Thus, our calculations given in Figs 5.24-5.26 demonstrate a pronounced discrepancy 
between theoretical and experimental values of CR energies corresponding to the transitions 
from partially filled Landau levels. The reasons discrepancy for this may be associated with 
the basic limitations in the applicability of “single-exciton” approximation or with higher-
order corrections in the electron-electron interaction at fractional filling factors of the Landau 
levels. 
As mentioned above, to describe the effect of electron-electron interaction on CR 
energies, we restricted ourselves to consider a set of single-exciton basic functions 
 
Fig. 5.26. Cyclotron energies (top panel) and CR lines (bottom panel) for a 13 T 
magnetic field in the sample T338 at different concentration of 2D electron gas. The 
arrows show the concentrations corresponding to the integer filling factor values. 
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MP-excitations in 2D electron gas at integer filling factor values [2, 95]. At fractional filling 
factors there is actually the contribution of two-excitons states in the energy of MP-excitation 
even in the first order of the perturbation theory in electron-electron interaction. To describe 
the mixing of two-excitons states with the single-exciton basis functions, one needs to extend 
the basis and go beyond the scope of the single-exciton approximation: 
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where the functions 2ϕ  and 3ϕ  describe the mixing of single-exciton basis functions 2  and 
3  with the combination of spin exciton (SE) and spin-flip (SF) mode |+1> [95] at fractional 
filling factor values (see Fig. 1.18). We note that at filling factors of Landau levels ν < 1 two-
excitons state does not contribute to the energy of MP-excitation at the first order in the 
electron-electron interaction. The problem of the influence of two-excitons state on the MP-
excitation energies in 2D electron gas at noninteger filling factors of the Landau levels is not 
considered in this thesis. 
Another possible reason for the discrepancy, mentioned above, is the limitation of the 
applicability of the first order of perturbation theory in electron-electron interaction. Asano 
and Ando [3] studied the effects of electron-electron interactions on cyclotron resonance by 
means of numerical diagonalization in finite-size systems with a finite number of 2D elec-
trons (varied from 2 to 10). Despite the fact that the nonparabolicity was considered in the 
same way as in the MacDonald-Kallin-Bychkov model, direct accounting of the Coulomb 
interaction, in particular, led to the possibility of pronounced hybridization of cyclotron 
transitions with opposite spins at noninteger filling factors that is not available in the first 
order of perturbation theory in electron-electron interaction. 
Figure 5.27 shows the conductivity calculations in the sample T340 at different values 
of FEL radiation wavelengths and 2D electron concentration, obtained by taking into account 
the electron-electron interaction, to describe the peculiarities observed in the CR spectra in 
pulsed magnetic fields (see Fig. 5.14). As seen from Figs 5.14, 5.15 and 5.27, the 
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experimental line shift in the CR spectra in pulsed magnetic fields induced by a decreasing of 
2D electron concentration significantly exceeds the shifts, calculated in the “single particle” 
Hartree approximation and by taking into account the exchange interaction. 
As was noted above, in the calculation of high-frequency conductivity the dependence 
of the density of states at the Landau levels on the 2D electron concentration was neglected 
and the Gaussian profile (3.1) for the DOS was used at all concentration values. Therefore, 
the CR line shift towards the lower magnetic fields region of the spectrum in sample T340 at 
	 < 1 filling factors with 2D electron concentration decreasing, in addition to the electron-
electron interaction, can also be related to the details of the density of states occur under the 
blue LED illumination. Utilization of the blue LED illumination leads not only to reduce the 
2D electron concentration in InAs/AlSb QW heterostructures (see Chapter 2) but also yields 
the alteration in a distribution of residual donors in the AlSb barriers and GaSb cap layer. This 
could change the amplitude and the correlation length of the random potential in the sample, 
which determines the actual width and shape of the density of states at the Landau levels 
[123, 124, 132, 133]. 
In conclusion, we have studied the cyclotron resonance in InAs/AlSb QW heterostruc-
tures with one and two occupied electric subbands in static (up to 13 T) and pulse (up to 55 T) 
magnetic fields. For filling factors 	 > 4 the energies of cyclotron transitions were found to be 
in good agreement with the theoretical data obtained within the Hartree approximation involv-
ing 8-band k⋅p Hamiltonian, which allowed identifying of CR spectral lines without ambigu-
ity. At filling factors 	 < 4 the results of the CR study reveal many specific features in the 
evolution of CR energies and their oscillator strengths. At 3  	  4, the samples with a vary-
ing 2D electrons concentration and QW width exhibited “enhanced” splitting of the CR line 
due to mixing of cyclotron transitions in the nonparabolic electric subband caused by many-
body interactions. In the samples characterized by higher electron mobility we observed the 
splitting “enhancement” to increase with a rising magnetic field. It has been shown that at 
fractional filling factors to describe the CR experimental data the contribution of two-excitons 
states in the energy of MP-excitation seems to be taken into account even in the first order of 
the perturbation theory in electron-electron interaction. 
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Fig. 5.27. High-frequency conductivity in the sample T340 in pulsed magnetic field at dif-
ferent values of FEL radiation wavelengths and 2D electron concentration, obtained by 
taking into account the electron-electron interaction. 
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Conclusions 
The main results obtained in the thesis are in the following: 
1. We have studied the positive and negative persistent photoconductivity in InAs/AlSb double 
QW heterostructures in wide spectral range 0.2 – 6 eV at T = 4.2 K. By measuring the 
Shubnikov-de Haas oscillations and Hall effect, the values of 2D electron concentration in 
each quantum well have been determined. We have established that positive persistent 
photoconductivity is caused by the electron transfer from surface donors in the GaSb cap 
layer to the double quantum well. The self-consisted calculations of the energy profile of the 
double QW performed within the 8-band k·p Hamiltonian have allowed to determine the 
ionized donor concentrations from both sides of QWs and to demonstrate directly the strong 
asymmetry of InAs/AlSb heterostructures due to the “built-in” electric field. 
2. We have investigated the influence of electron-electron interaction on 2D electron energy 
spectra in InAs/AlSb heterostructures with single QW and asymmetric “built-in” electric 
field. The exchange interaction has been shown to decrease the energies of the electric 
subbands and, at the same time, to increase the electric subband separation as well as the spin 
splitting in the spectrum. The nonlinear dependence of the Rashba splitting constant at the 
Fermi wave vector on 2D electron concentration has been demonstrated. We have 
experimentally studied the Shubnikov-de Haas oscillations at T = 0.2 K in magnetic fields up 
to 6 T that has allowed us to determine the 2D electron concentrations in different spin 
subbands and the constant of the Rashba spin splitting which is in good agreement with 
theoretical calculations. 
3. We have performed the theoretical study of the electron-electron interaction effect on the 
quasiparticle energy spectrum in InAs/AlSb QW heterostructures versus Landau level width 
for the first time. It has been shown that taking into account the exchange interaction results 
in distortion of monotonic dependence of Landau level energy on the magnetic field as well 
as in the peak features appearance in quasiparticle spectrum at integer values of Landau level 
filling factors associated with a screening effect in 2D electron gas. We have established that 
the exchange interaction in the case of the overlapping of spin-split Landau levels enhanced 
the density-of-states splitting at the Fermi energy into two peaks and renormalizes the filling 
factors of the Landau levels at the Fermi energy. 
4. By using the 8-band k·p Hamiltonian we have calculated the exchange enhancement of 
quasiparticle g-factor in InAs/AlSb QW heterostructures with single occupied electric 
subband for the first time. It has been demonstrated that the conduction band nonparabolicity 
leads to the exchange g-factor enhancement not only at odd values of Landau level filling 
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factors but at even filling factor values as well and the values of magnetic field at which the 
maximum enhancement has been reached correspond to the odd filling factors only in the 
absence or in the case of small overlapping of spin-split Landau levels. 
5. We have theoretically demonstrated a violation of the Larmor theorem in narrow-gap QW 
heterostructures with symmetric and asymmetric “built-in” electric field for the first time. The 
influence of the Rashba spin splitting and exchange interaction on spin resonance energy in 
InAs/AlSb QW heterostructures has been investigated. We have discovered the divergence of 
the g-factor values in weak magnetic fields measured in electron spin resonance in symmetric 
QWs which is caused by the exchange interaction in 2D electron gas. It has been shown that 
“magnetooptical” g-factor oscillates in magnetic fields and coincides with quasiparticle g-
factor at even filling factors of Landau levels. 
6. We have studied the cyclotron resonance in InAs/AlSb QW heterostructures in magnetic 
fields up to 55 T. An “enhanced” splitting of the cyclotron resonance line at the filling factors 
 < 4 as compared with the “single-particle” value within the Hartree approximation has been 
discovered that points to a violation of the Kohn theorem due to electron-electron interaction 
in nonparabolic electric subband. For filling factors  < 1 an increase of the cyclotron 
resonance transition energy at low 2D electron concentration has been found out, the shift 
exceeding the one due to the Landau level broadening. 
7. We have performed the theoretical study of the electron energy spectrum in InAs/AlSb QW 
heterostructures with two occupied electric subbands. It has been shown that the splitting of 
CR lines is associated with the difference in the cyclotron energy in electric subbands as 
opposed to the samples with single occupied subband where the splitting of CR lines is 
caused by the non-equidistance of the Landau levels in the first subband. 
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